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General Questions about Mental Computation

G1.  What is mental math?

In the mathematics education literature, there is not consensus on the usage of some of the words and expressions in mental math. In order to provide uniformity in communication in these booklets, it is important that some of these terms be defined. For example, the Department of Education in Nova Scotia uses the term mental math to encompass the whole range of mental processing in all strands of the mathematics curriculum. Mental math is broken into three categories in the grade-level booklets: mental computation, measurement estimation, and spatial sense. Mental computation is further broken down into fact learning, mental calculation, and computational estimation.










Although it is important to incorporate some aspect of Mental Math into your mathematics planning every day, the time spent each day may vary.  While the Time to Learn document requires 5 minutes per day, there will be days, especially when introducing strategies, when more time will be needed.  Other times, such as when reinforcing a strategy, it may not take 5 minutes to do the practice exercises and discuss the strategies and answers. 
G2.  What is mental computation?

Mental computation deals with fact learning, mental calculations and computational estimation across the strands. This covers mental math found primarily in the General Curriculum Outcomes (GCO) B.  Contexts for using mental computation can be found in the six other GCO’s and includes measurement estimations, quantity estimations, patterns and spatial sense.  For more information on these and other strategies, see Elementary and Middle School Mathematics: Teaching Developmentally by John Van de Walle.
G3.  How are the terms fact learning, mental calculations, and computational estimation related?

While each category in computations has been defined separately, this does not suggest that the three categories are entirely separable. Initially, students develop and use strategies to get quick recall of the facts. These strategies and the facts themselves are the foundations for the development of other mental calculation strategies. When the facts are automatic, students are no longer employing strategies to retrieve them from memory. In turn, the facts and mental calculation strategies are the foundations for computational estimation strategies.  Actually, attempts at computational estimation are often thwarted by the lack of knowledge of the related facts and mental calculation strategies.
G4. Why is so much attention being given to fact learning, mental calculation, and estimation?
In modern society, the development of fact, mental calculations, and computational estimation strategies needs to be the major goals of any computational program for two major reasons. First of all, in their day-to-day activities, most people’s calculation needs can be met by having well developed mental computational processes. Secondly, while technology has replaced paper-and-pencil as the major tool for complex computations, people need to have well developed mental strategies to be alert to the reasonableness of answers generated by technology.

Besides being the foundation of the development of number and operation sense, fact learning itself is critical to the overall development of mathematics. Mathematics is about patterns and relationships and many of these patterns and relationships are numerical. Without a command of the basic relationships among numbers (facts), it is very difficult to detect these patterns and relationships. Nothing empowers students with confidence and flexibility of thinking more than a command of the number facts.
G5.  What is fact learning in mental computation?

Fact learning refers to the acquisition of the 100 number facts related to the single digits 0 to 9 for each of the four operations. When students know these facts, they can quickly retrieve them from memory (usually in 3 seconds or less). Ideally, through practice over time, students will achieve automaticity; that is, they will have instant recall without using strategies. 

G6.  What is mental calculation?

Mental calculation refers to using strategies to get exact answers by doing all the calculations in one’s head.  This is the definition we are using in Nova Scotia; you may find the term used elsewhere to include fact learning and estimation. 
G7.  What is computational estimation?

Computational estimation refers to using strategies to get approximate answers by doing calculations in one’s head.
G8. What are two principles that guide the development of mental computation?
It is easier for most people to keep track of computations mentally when they start at the highest place values. 

Operations are much easier to do mentally when the numbers involved are compatible, such as powers of ten, or multiples of powers of ten.
G9. What are compatible numbers, friendly numbers, and nice numbers?

These three descriptors all refer to numbers that combine easily with one another in an operation. For addition, 300 and 700 are examples of compatible numbers or friendly numbers or nice numbers; in multiplication 4 and 70 are examples of compatible numbers or friendly numbers or nice numbers; in division 6 and 360 are examples of compatible numbers or friendly numbers or nice numbers. You might also be given an answer and asked for compatible numbers for that answer; for example, for a product of 24, possible compatibles are 1 and 24, 2 and 12, 3 and 8, and 4 and 6.

In some sense, which numbers are compatible may vary from one student to another. As a teacher, however, you should select practice items that represent the more common compatible numbers when you expect your students to apply any strategies involving compatibles. You may find some students using compatibles in other situations when you might not have expected it; for example, while you would expect all students to recognize that 60 and 40 are compatibles for a sum of 100, there may be some students who instantly recognize that 37 and 63 as compatibles for 100 as well.
G10.  What is measurement estimation?

Measurement estimation is the process of using internal and external visual (or tactile) information to get approximate measures, or to make comparisons of measures, without the use of measurement instruments.
G11.  What is spatial sense?
Spatial sense is an intuition about shapes and their relationships, and an ability to manipulate shapes in one’s mind. It includes being comfortable with geometric descriptions of shapes and positions.
G12. Should you devote the same amount of time every day to mental math?

While the Time to Learn document requires 5 minutes per day, there will be days, especially when introducing strategies, when more time will be needed. Other times, such as when reinforcing a strategy, it may not take 5 minutes to do the practice exercises and discuss the strategies and answers.

G13. How many strategies are there at each grade level?

As students progress from grade 1 to grade 9, the list of strategies gets larger. However, while at any one grade level there are some new strategies introduced, many of the strategies are the same at each grade level except for the type or size of numbers involved. As well, other new strategies simply extend previously learned strategies. 

G14. How supportive of mental math are the currently available resources?

The Department of Education has distributed specific resources for mental math, and the new text resources also have suggestions for mental math. In the Atlantic Canada curriculum documents, there are specific outcomes for mental math at each grade with the corresponding elaborations and worthwhile tasks. You need to use these and other resources judiciously, picking and choosing activities and exercises, keeping in mind that the most important consideration is the logical development of strategies if students are going to grow and develop in their mental math facilities. The general sequencing of these strategies is one of the purposes of the grade level Mental Math booklets; however, you will still have to judge whether, or not, the suggested sequence for your grade level is appropriate given the prior experiences of your students. You have to remember that the sequences in these booklets are based upon full implementation of the mental math strategies; therefore, you and the other teachers will need to discuss where your school is with regard to this implementation.

G15. What should I do if my students cannot do the strategies assigned to my grade?

The bottom line is that each teacher from grade 1 to 9 is expected to have mental math time each day in mathematics; therefore, not doing it is not an option. You must find some mental computation strategies your students can do. Go back to strategies at a lower grade level to start building success, and try to accelerate those strategies vertically to help the students catch up. For example, if the students are in grade 6 and they don’t know the addition facts, you can find the strategies for teaching them in the grade 2 booklet. The students, however, are more intellectually mature, so you can immediately apply those same strategies to tens, hundred, and thousands, and to estimations of whole number and decimal sums. With the addition facts mastered, grade 6 students should more quickly master the related subtraction facts than the grade 2 students who have this as an expectation.

Teachers in a school should work together to ensure that the students are doing the mental computation strategies assigned to their grades, so that over time the students are doing the appropriate grade-level strategies.
Questions about Teaching Mental Computation

T1. Is there a general approach to mental computation that should be taken?

In general, a computational strategy should be introduced in isolation from other strategies, reinforced through a variety of activities until it is mastered, assessed in different ways, and finally integrated with other previously learned strategies. 

Introducing a Strategy

A general approach to introducing a computational strategy is to give your students a computational exercise for which this strategy would be appropriate and efficient to see if anyone is already using the strategy. If so, the student(s) should explain the strategy to the class, with your assistance as needed. If not, you can share the strategy with the class. The explanation should include anything that will help students see the pattern and logic of the strategy, be it concrete materials, visuals, or contexts. The introduction should also include explicit modeling of the mental processes used to carry out the strategy, and explicit discussion of the situations for which the strategy is most appropriate and efficient. Discussion should also include situations for which the strategy would not be the most appropriate and efficient one to employ. It is most important that the logic of the strategy is well understood before it is reinforced; otherwise, its long-term retention will be very limited.

Reinforcement

Each strategy for building mental computation should be practised in isolation until students can give correct solutions in reasonable time frames. Students must understand the logic of the strategy, recognize when its use is appropriate, and be able to explain the strategy. The amount of time spent on each strategy should be determined by the students’ abilities, progress, and prior experiences.

The reinforcement activities for a strategy should be varied in type and should focus as much on the discussion of how students obtained their answers, as on the answers themselves. The reinforcement activities should be structured to ensure maximum participation. At first, time frames should be generous and then narrowed as students internalize the strategy and become more efficient. Student participation should be monitored and their progress assessed in a variety of ways. This will help to determine the length of time that should be spent on a strategy.

In the selection of items to be used for reinforcement, you should choose ones for which the strategy under consideration is most appropriate, unless you consciously include an inappropriate one to keep your students alert! For mental calculation, you should select number combinations that will require students to keep track of only two combinations, including one trade. For example, a grade 4 teacher should expect students to be able to mentally add 356 and 207, or 380 and 260, but not 386 and 228. You certainly may have students who are very capable in mental math and would enjoy the challenge of more complex questions; however, many students will get discouraged if the memory demands of the questions are too great. In everyday life, most people will estimate answers if the numbers are too complex and use a calculator if they need an exact answer. You should get students to estimate only those questions for which they do not have a mental calculation strategy. Therefore, for computational estimation questions, you should usually select number combinations that would involve more than two combinations and/or more than one regrouping. 

After you are confident that most of your students are proficient in using the strategy, you need to help them integrate it with other strategies they have developed. You can do this by providing activities that include a mix of number expressions, for which this and other strategies would apply. Have the students complete the activities and then discuss the strategy/strategies that were, or could have been, used. You could also have students match given number expressions to a list of strategies, and discuss the attributes of the number expressions that prompted them to make the matches they did.
T2. Is there something you should do first when you want to introduce a new strategy? 

Present the class with a question for which the strategy would be appropriate in order to determine if anyone in the class has already “invented” the strategy. Get your students to try it mentally, and discuss their strategies. Often the strategy you want to highlight emerges from one or more students. If it does, so much the better, because students are often more interested in seeing how a fellow classmate did the question than the way you did it. You can use this as a springboard into the introduction where you want to be sure that all the students understand the logic of the strategy and can apply it successfully. If no one in the class suggests the strategy you hoped to highlight, then you share the strategy you had in mind. The students will be more interested in hearing an alternative after they have done the same question in other ways.

T3. How complex should the numbers be in mental computation exercises?

It is reasonable to expect most students to mentally keep track of no more than two combinations, especially if there is trading involved. If there are more than two combinations in a calculation, it is expected that students would estimate the answer rather than get an exact answer. However, if students are presented a calculation visually and are recording their answers with pencil and paper, they could be expected to handle more combinations when there is no trading involved. Such calculations are often referred to as quick addition, quick subtraction, quick multiplication, and quick division.

T4. How important is the selection of the exercises to apply the strategies?

The selection of appropriate exercises for the reinforcement of each strategy is critical. The numbers should be ones for which the strategy being practiced most aptly applies. While many strategies can be forced to apply to any calculation, you do not make a strong argument for a strategy if to use it requires awkward and cumbersome mental manipulations, especially when another strategy would be much more efficient. 
T5. What should practice exercises look like?

Students should hear and see you use a variety of language expressions with each operation, so they do not develop a single word-operation association. Through rich language usage students are able to quickly determine which operation and strategy they should employ. For example, when students hear you say any one of the following: six plus five, six and five, the total of six and five, the sum of six and five, five added to six, or five more than six, they should know that they must add 6 and 5, and that an appropriate strategy to do this is the double-plus-one strategy.

In some of the reinforcement activities, you should present students with a variety of contexts to help them transfer the use of operations and strategies to situations found in their daily lives. By using contexts (such as measurement, money, and food), the numbers become more real to the students. Contexts also provide you with opportunities to have students recall and apply common knowledge. For example, when you ask, “How many days in two weeks?” students should be able to recall that there are seven days in a week and then double seven to get 14 days.

You can also use the recognition and extension of number patterns to reinforce strategy development. For example, when a student is asked to extend the pattern “30, 60, 120, …,”, one possible extension is to double the previous term and so get 240, 480, 960. Another possible extension is to add progressive multiples of 30 to get 210, 330, 480. Both possibilities require students to mentally calculate numbers using a variety of strategies. 
Examples of reinforcement activities will be included with each strategy. These are not intended to be exhaustive; rather, they are meant to show the variety of activities that can be used and to clarify how language, contexts, common knowledge, and number patterns can assist in strategy development, as well as providing novelty. You can take each example and create 10 or more similar questions for reinforcement activities, or you can mix the examples with similar questions for other reinforcement activities. Over time, you will have developed a repertoire of activities for mental math.
T6. Should the practice exercises be presented orally or visually?

In the development of mental computation, the exercises should be presented with both visual and oral prompts. When the fact strategies are well developed, you could sometimes include just oral practice. With estimation practice exercises, it is often better just to present them visually because the oral descriptions may become a form of auditory noise as students change the given numbers in order to get their estimates.

T7. How quickly should you expect students to get answers?

The time it takes for students to respond is an effective way for you to see if students can use the computational strategies efficiently and to determine if students have automaticity of their facts. 

For fact learning, the goal is to get a response in 3 seconds, or less. You would certainly give students more time than this in the initial strategy reinforcement activities, and reduce the time as the students become more proficient applying the strategy until the 3-second goal is reached. In subsequent grades, you should also ultimately expect a 3-second response when the facts are extended to 10s, 100s and 1000s.

In the early grades, this 3-second goal for facts is a guideline for your use and does not need to be shared with your students, especially if it will cause undue anxiety.

For mental calculation strategies and computational estimation strategies, you should generally try to reach a 5- to 10-second goal, depending upon the complexity of the mental processing. Of course, in the initial application of these strategies, you would allow as much time as needed to ensure success and gradually decrease the wait time until students attain solutions in a reasonable time frame. If students spend too much time using a strategy, they can easily lose track and will unlikely be motivated to use it when left to their own devices.

T8. Should you expect students to record only their answers in mental computation exercises?

While doing calculations in one’s head is the principal focus of mental computation strategies, sometimes in order to keep track, students may need to record some sub-steps in the process. This is particularly true in computational estimation when the numbers may be rounded; students may need to record the rounded numbers and then do the calculations mentally for these rounded numbers.

T9. Do you force students to use a strategy when they already have an alternative strategy to get the answer?

You are teaching students a variety of strategies to broaden their repertoire and do not want them to limit themselves to just a few strategies. While they may not naturally use the strategy you are trying to teach when we first introduce it, they should still practice it a few times in order to appreciate the logic of its process and in what situations it is efficient. In the end, students use the strategies that make the most sense to them; however, without learning and practicing alternative strategies, they cannot make the decision as to which strategies are best for them. When presented with an alternative strategy, many students abandon a tried-and-true strategy in favour of this alternative.

Classroom discussions and activities in mental computation not only involve rehearsing specific strategies, but also selecting strategies that would work and explaining the strategies. To be a full participant, all students need to participate in the development of all the strategies whether, or not, they end up personally choosing to use all of them.

Your goal is to help students be flexible thinkers, so you should not be too rigid or prescriptive, nor should you allow students to be rigid and prescriptive.

T10. Will you see students using the strategies just the way we teach them?

In the initial activities involving a strategy, you should expect to have the students do the computation the way it was modeled; however, later you may find that some students employ their own variation of the strategy. If it is logical and efficient for them, that’s great. If their variation is cumbersome and inefficient, you should convince them to abandon their variation in favour of the original strategy.

T11. Do the students need to know the names of the strategies?

To know the name of a strategy is not so important as to know how it works. That being said, however, knowing the names of the strategies certainly aids in classroom communication. In the Mental Math booklets for each grade, there has been a conscious commitment to use a consistent name for each strategy; however, in some of the resources you may find the same strategy called by a different name. To help students in their transitions from one grade to another in Nova Scotia, it would be best if teachers used the names found in the Mental Math booklets.

T12. Does the mental math you do daily have to be connected to your main lesson?

Every opportunity should be taken to have such a connection, if at all possible. Sometimes a connection may be made in the mental math time, other times a connection may be made in the main lesson. You should be vigilant for opportunities to make such connections. However, there will be many times when connecting the mental math to the topic of the main lesson is not possible, nor appropriate. The mental math time can provide opportunities to prepare students for a topic they will be doing later or to review a previously learned topic.

T13. How can you help students to use and apply mental computation strategies beyond the allocated mental math time?

When students are confronted with a computation during activities or in their texts or worksheets in any subject, they should learn to ask themselves if the calculation should be done mentally, by using pencil-and-paper strategy, or by using a calculator. You should model such behaviour yourselves and expect your students to do the same. 

You should sometimes present students with a list of computational exercises and ask them to do as many as they can mentally, then do any leftovers by pencil-and-paper methods and/or by calculators. These activities should be followed by discussions of how they decided which ones to do by which method.

Before students use a pencil-and-paper method or a calculator to do a calculation, they should develop habits of getting “ball-park” estimates so they are alert to the reasonableness of the answer they get. Again, you should model such behaviour yourselves and expect your students to do the same.

T14. What role can parents/guardians play in the development of mental computations?

Parents/guardians are valuable partners for you to have in reinforcing the strategies you are developing in school. You should help parents understand the importance of these strategies in the overall development of their children’s mathematical thinking, and encourage them to have their children do mental computations in natural situations at home and out in the community.

Through various forms of communication, you should keep the parents abreast of the strategies you are teaching and the types of mental computations they should expect their children to be able to do.
T15. Is there a general approach to measurement estimation?
For the most part, a measurement estimation strategy would be reinforced and assessed during mental math time in the grades following its initial introduction. The goal in mental math is to increase a student’s competency with the strategy. It is expected that measurement estimation strategies would be introduced as part of the general development of measurement concepts at the appropriate grade levels. Each strategy would be explored, modeled, and reinforced through a variety of class activities that promote understanding, the use of estimation language, and the refinement of the strategy.  As well, the assessment of the strategy during the instructional and practice stages would be ongoing and varied. 
Competency means that a student reaches a reasonable estimate using an appropriate strategy in a reasonable time frame. While what is considered a reasonable estimate will vary with the size of the unit and the size of the object, a general rule would be to aim for an estimate that is within 10% of the actual measure. A reasonable time frame will vary with the strategy being used; for example, using the benchmark strategy to get an estimate in metres might take 5 to 10 seconds, while using the chunking strategy might take 10 to 30 seconds, depending upon the complexity of the task. 

A. Introducing a Strategy in Regular Classroom Time

Measurement estimation strategies should be introduced when appropriate as part of a rich and carefully sequenced development of measurement concepts.  For example, in grade 3, the distance from the floor to most door handles is employed as a benchmark for a metre so students can use a benchmark strategy to estimate lengths of objects in metres. This has followed many other experiences with linear measurement in earlier grades: in grade primary, students compared and ordered lengths of objects concretely and visually; in grade 1, students estimated lengths of objects using non-standard units such as paper clips; in grade 2, students developed the standard unit of a metre and were merely introduced to the idea of a benchmark for a metre.

The introduction of a measurement estimation strategy should include a variety of activities that use concrete materials, visuals, and meaningful contexts, in order to have students thoroughly understand the strategy.  For example, a meaningful context for the chunking strategy might be to estimate the area available for bookshelves in the classroom.  Explicit modeling of the mental processes used to carry out a strategy should also be part of this introduction.  For example, when demonstrating the subdivision strategy to get an estimate for the area of a wall, you would orally describe the process of dividing the wall into fractional parts, the process of determining the area of one part in square metres, and the multiplication process to get the estimate of the area of the entire wall in square metres. During this introductory phase, you should also lead discussions of situations for which a particular strategy is most appropriate and efficient, and of situations for which it would not be appropriate nor efficient.



B. Reinforcement in Mental Math Time

Each strategy for building measurement estimation skills should be practised in isolation until students can give reasonable estimates in reasonable time frames. Students must understand the logic of the strategy, recognize when it is appropriate, and be able to explain the strategy. The amount of time spent on each strategy should be determined by the students’ abilities, progress, and previous experiences.
T16. Is there a general approach to teaching spatial sense?
Spatial abilities are essential to the development of geometric concepts, and the development of geometric concepts provides the opportunity for further development of spatial abilities. This mutually supportive development can be achieved through consistent and ongoing strategic planning of rich experiences with shapes and spatial relationships. Classroom experiences should also include activities specifically designed for the development of spatial abilities. These activities should focus on shapes new to the grade, as well as shapes from previous grades. As the shapes become more complex, students’ spatial senses should be further developed through activities aimed at the discovery of relationships between and among properties of these shapes. Ultimately, students should be able to visualize shapes and their various transformations, as well as sub-divisions and composites of these shapes. 

Following the exploration and development of spatial abilities during geometry instruction, mental math time can provide the opportunity to revisit and reinforce spatial abilities periodically throughout the school year.

Questions about Adaptations and Assessment

A1. How do I differentiate instruction in mental computation?

The answer to this is no different than it would be for other aspects of mathematics and other disciplines. Whatever differentiation you make, it should be to help the student’s development in mental computation, and this differentiation should be documented and examined periodically to be sure it is still necessary.

You may provide a student with alternative questions to the ones you are expecting the others to do, perhaps involving smaller or more manageable numbers. You may just expect the student to complete fewer questions or provide more time. Perhaps a student will continue using supports after the other students have abandoned them. You may choose to use alternative forms of assessment to determine if strategies are in place. For some strategies, you may decide that a student should not even attempt to learn it; rather, you opt for a strategy from a previous grade.

You may have a student who has been tested and has been diagnosed with severe memory deficits. This will severely limit that student’s progress in this area of the curriculum and will need special consideration.

A2. What does mental computation look like in a multi-age or combined grade classroom?

What you do in these situations may vary from one strategy to another. Sometimes the students may all be doing the same strategy, sometimes with same size/type of number, sometimes with different numbers. Other times, you may decide to do different strategies and introduce them at different times on the first day, but conduct the reinforcements at the same time on the subsequent days using the appropriate exercises for each of the grade levels. 

There may be classes where all strategies can be introduced to all students and reinforced, but you differentiate expectations at assessment times. However, there will be students in the lower grade who can master some, or all, the strategies expected for the higher grade, and some students in the higher grade who will benefit from the reinforcement of the strategies from the lower grade.

A3. What does assessment of mental computation look like?

Your assessments of computational strategies should take a variety of forms. Assessment opportunities should include any observations you make during the reinforcements, as well as students’ oral and written responses and explanations. Individual interviews can provide you with many insights into a student’s thinking, especially for a student about whom you are uncertain from other forms of assessment. Sometimes it is helpful to interview a selected few students just to get a snapshot of progress in your class. As well, traditional quizzes that involve students recording answers to questions that you give one-at-a-time in a certain time frame can be used. Assessments, regardless of their form, should shed light on students’ abilities to compute efficiently and accurately, to select appropriate strategies, and to explain their thinking.

A4. Are timed tests, such as the Mad Minutes program, supportive of our goals in fact learning?

Some of the former approaches to fact learning were based on stimulus-response; that is, the belief that students would automatically give the correct answer if they heard the fact over-and-over again. No doubt many of us learned our facts that way. These approaches often used a whole series of timed tests of 50 to 100 items to reach the goal. Students perceived their goal as mastering 100 facts for each operation. In contrast, our current approach is to teach students strategies that can be applied to a group of facts with discussion of the strategies and the answers. You need to know that students know each of the strategies and are applying each one internally in a 3-second or less response time. Therefore, such timed tests would have limited use for your goals. To be sure, if you gave your class 50 number facts to be computed in 3 minutes (180 seconds), and some students completed all, or most, of them correctly, you would expect that these students know their facts. However, if students only completed some of them and got many of those correct, you wouldn’t have the information you need because you wouldn’t know how long they spent on each question or whether they were even using any strategies, let alone which ones. Therefore, these questions might serve as a screening device. However, you could make alternative uses of the sheets, such as asking students to loop the questions for which a certain named strategy could be used and asking them to do those questions.
A5. What does assessment of measurement estimation look like?
Your assessments of measurement estimation strategies should take a variety of forms. Assessment opportunities include making and noting observations during the reinforcements, as well as students’ oral and written responses and explanations. Individual interviews can provide you with many insights into a student’s thinking about measurement tasks. As well, traditional quizzes that involve students recording answers to estimation questions that you give one-at-a-time in a certain time frame can be used.
Assessments, regardless of their form, should shed light on students’ abilities to estimate measurements efficiently and accurately, to select appropriate strategies, and to explain their thinking. 
A6. What does assessment of spatial sense look like?
Assessment of spatial sense development should take a variety of forms. The focus in this aspect of mental math is on individual growth and development in spatial sense, rather than on an arbitrary level of competency to be achieved. You should record any observations of growth students make during the reinforcements, as well as noting students’ oral and written responses and explanations. For spatial sense, traditional quizzes that involve students recording answers to questions that you give one-at-a-time in a certain time frame should play a very minor role.
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