


to Solve
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When solving problems involving
proportions, students may intuitively
draw on strategies that connect to
their understanding of fractions,
decimals, and percents. These two
statements— ‘Instruction in solving
proportions should include methods
that have a strong intuitive basis”
(NCTM 2000, p. 221) and “Teach-
ers should begin instruction with
more intuitive strategies, such as the
unit-rate and factor-of-change [that]
emphasize learning concepts over
learning procedures” (Cramer and
Post 1993, http://www.cehd.umn.edu/
rationalnumberproject/93_2.html)—
will be explored in light of the various
methods that students have at their
disposal.

Explore both
intuitive
approaches and
standard
algorithms

to solve
proportional
reasoning
problems.

In addition to unit rate and factor
of change, students can also transition
to the equivalent fraction method and
the building-up strategy. Although
these methods are intuitive, they are
inefficient and cumbersome when
solving noninteger proportion prob-
lems. More structured methods are
also available, such as using a ratio
table, a graph, the standard algorithm,
and cross multiplication.

THE UNIT-RATE METHOD

The unit-rate, or “How many for one?”
strategy is an intuitive way to solve
proportion problems. It is similar to
how a student learned about unit frac-
tions. “The unit-rate method is far and
away the most widely used by children
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Fig. 1 In this missing-value problem, the unit rate is the same as the unit cost.

The Healthy Food Store

The Healthy Food Store sells granola by the ounce. The cost depends on the
weight of the granola. Granola that weighs 8 ounces costs $1.50. Fill in the
table with the appropriate cost or weight. Explain your reasoning.

(a)
Weight Cost
{in Qunces) | (in Dollars)
g N
3 $1.50
L1875
16 $3.00
4.50
¥ 55 f
50280810 "
.50 8
e

X 1875 =" 1025 (1.13)
(L X (g15=73.00

Y oo 2.1978= 24
(b)

Once the unit rate has been calcu-
lated, the student can solve a missing-
value problem by multiplying the
quantity given in the problem by the
unit rate. For example:

who have not had formal instruction
in the standard cross-multiplication
algorithm” (Post, Behr, and Lesh
1988, http://www.cehd.umn.edu/
rationalnumberproject/88_10.html).
To determine a unit rate, students

must first recognize that a relationship
exists between the two given quantities
and then calculate the rate when one

of the quantities is 1. See, for example,

the Apple problem:

A grocery store offers 6 apples [the
quantity] for $1.50 [the quantity].
How much would 1 apple cost?

The rate of $1.50/6 apples is equivalent
to $0.25/1 apple, which is the unit rate.

A store sells 6 apples for $1.50.
What is the cost of 20 apples?

The solution is 20 apples x $0.25 per
apple (the unit rate) = $5.00.

It is important to note that every
rate actually has two unit rates, which
are known as dual or reciprocal rates.

The Apple problem could have read:

A grocery store sells 6 apples
[quantity] for $1.50 [quantity].

484 MATHEMATICS TEACHING IN THE MIDDLE SCHOOL e Vol. 16, No. 8, April 2011

How many apples can I buy
with $1.00?

In the solution, 6 apples/$1.50

is equivalent to 4 apples/$1. The
two unit rates in this example are
dollars per 1 apple and apples per

1 dollar. Note that one of the two
unit rates in a proportion is usually
more understandable and easier to
access for some students. Students
should become aware that all rates
have a dual or reciprocal rate.

The Healthy Food Store problem
in figure 1a is a missing-value prob-
lem. In figure 1b, the student calcu-
lates a unit rate (in this case, a unit
cost) by dividing $1.50 by 8 ounces of
granola to equal $0.1875 per ounce of
granola, then correctly uses the cost
for 1 ounce of granola (the unit rate)
to calculate the additional quantities
needed in the table.

The Big Horn Ranch problem in
figure 2a is a ratio-comparison prob-
lem. The student (see fig. 2b) uses a
unit-rate approach and sets up each
ranch as a ratio of acres to horses with
clearly defined quantities. The student
calculates a unit rate of acres of pas-
ture per one horse, then compares the
two unit rates to solve the problem
correctly.

Figure 2c illustrates the confu-
sion that students encounter when
working with dual rates. After setting
up ratios of acres of pasture (p) and
horses (), the student determines
how many horses will be on 1 acre of
pasture, or a rate of horses per 1 acre,
not acres per horse, as the problem asks.
The student then selects Big Horn
Ranch as the solution, because
the fraction 2/3 is greater than
3/5.This student does .-r
not recognize that the
larger fraction repre-
sents more horses per
acre of pasture. The
student appears to mis-

-

understand the unit rate




of horses per acre, perhaps because it
is less familiar than acres per horse.

FACTOR-OF-CHANGE METHOD
Another intuitive strategy that
students use when solving a propor-
tion is the factor-of-change method.
It is also called the scalar method or
size-change method. With similarity
problems, it is referred to as the scale-
factor method. This approach requires
students to use “times as many” think-
ing. It focuses on the multiplicative
relationships within and between the
ratios in the problem. The missing-
value Apple problem can be viewed in
light of the factor of change:

24 apples X apples
$6 818

A student might look at the rela-
tionship wizhin the ratio and deter-
mine that there are four times as many

apples as dollars.

24 apples x apples
24 apy ppless,

§6 518

Note that when the student deter-
mines the factor of change within the
ratio, he or she is also determining the
unit rate, which is

4apples
$1

$6x

=24 apples.

Next, this student would multiply the
$18 by 4 apples per dollar to obtain 72
apples.

An alternate method involves the
multiplicative relationship derween the
two ratios: There are three times as
many dollars ($6 x 3 = $18), so there
are three times as many apples, or 24

apples x 3 = 72 apples.

W
24 apnples ¢ A les

g6 2l

~

Fig. 2 This example of a ratio-comparison problem looks at acres in relation to horses.

Big Horn Ranch Problem
Big Horn Ranch has 150 acres of pasture and raises 100 horses.
Jefferson Ranch has 125 acres of pasture and raises 75 horses.
Which ranch has more acres of pasture per horse? Explain your
answer using words, pictures, or diagrams.

(a)

t“'{“&dh ‘Q\qr\é’\ ho*s
more acces o PM*““— € oS . S LG rson Fonch

has 1.LL acres Per het andT e g Hom

Bondn ody N L6 acres 4a h arse.
%‘\ \'\Dﬂ\
150 L _\LDacw
705 hor?® 1ot

\ﬁ o cres
—_—

-J‘Fhor_f&f i \ hof#
2
/. 1
7,_;’75_;}')& ‘El?é"
i

(b)
P
150 |25
n 10© 7
7 P
TS0 1 85, A
— T '7_5" 3
VeTo R A “ Y5
w
8 = =z 3
xa‘ 0 9
(c)
250
106~ 5 1o T
150 =
30
B A
=2 5 15
(d)

Sources: Student work samples from the Ongoing Assessment Project (OGAP) (Petit, Laird, and
Marsden 2010) and Vermont Mathematics Partnership (VMP) Pilot, 2006-2007

Vol. 16, No. 8, April 2011 e MATHEMATICS TEACHING IN THE MIDDLE SCHOOL 485



Fig. 3 The factor of change between the two ratios is demonstrated with apples.

Apple Packing
Carrie is packing apples for an orchard’s mail order business. It takes
3 boxes to pack 2 bushels of apples. How many boxes will she need
to pack 8 bushels of apples?

(a)

Bbeyes "%r

At

by [ougﬁ,flsng le,

(b)

Fig. 4 The approach for this problem builds up from a baseline total.

Paul’s Dog Food

Paul’'s dog eats 20 pounds of food in 30 days. How long will it take

Paul’'s dog to eat a 45 pound bag of dog food? Explain your thinking.
(a)

20 P=36D
+ioh
P= @ S

’l'gp__g;"o o= 10D Tt will be
P20 o Yetae 5 mwe 129
@ ‘?ounas lest So 2

. Jof

T5p

[CAZX=2
ED

(b)
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When proportional problems con-
tain multiplicative relationships that
are easy to identify, in other words,
when one element is a multiple of a
corresponding element, the factor-of-
change strategy is an intuitive method
that students might use.

The Apple Packing problem in
figure 3a identifies the factor of
change between the two ratios as 4
(2 bushels to 8 bushels). The student
then multiplies the number of boxes
in the first ratio (3) by the factor of
change to get the new number of
boxes (3 boxes X 4 = 12 boxes.)

(See fig. 3b.)

TRANSITIONAL METHODS

Many students intuitively try to solve
proportional reasoning problems using
transitional strategies. The equivalent-
fraction strategy links student think-
ing about fractions with the concept
of ratios, which involves a relationship
that consists of two quantities. This
method is a transitional step between
a student’s knowledge of fractions and
understanding proportions. A student
omits the label from the quantities

of the ratio and focuses only on the
numbers. Prior knowledge of frac-
tions is then used to find a common
denominator and compare the two
numerators (VMP pilots 2006—2007).
This method is effective in solving a
proportion, but dropping the labels
may cause problems when determin-
ing the final answer.

For example, the student work in
figure 2c sets up the ratios without
the labels, finds a common denomina-
tor of 15, and indicates that Big Horn
Ranch is the correct solution, since
10/15 is greater than 9/15. Had the
student included the labels that are as-
sociated with each quantity, 10 horses
for every 15 acres, compared with 9
horses for every 15 acres, the smaller
fraction might have been chosen as
the correct solution.

Building up (or breaking down)



is another transitional method that
students use to solve a proportion
problem. As found in figure 3¢ and
figure 4b, this strategy uses repeated
addition or additive reasoning instead
of multiplication to build up the
quantities in one ratio to equal the
corresponding quantities in the sec-
ond ratio. Students begin by using ad-
ditive reasoning to solve the problem.

As they continue to develop strate-
gies, they move toward multiplicative
reasoning, an important component
of proportional reasoning. Figure 3¢
shows that 3 boxes and 2 bushels are
added to each increasing quantity to
build it up. Keep in mind, however,
Lamon’s statement that “successes
with additive strategies do not neces-
sarily encourage the exploration and
adoption of more efficient strategies
and should not be interpreted as pro-
portional reasoning” (Lamon 2005,

p- 100). Steinthorsdottir notes: “Pro-
portional reasoning is multiplicative
and therefore the transition from build
up strategies to multiplicative strate-
gies is considered to be a benchmark
of development” (2005, p. 227).

In Paul’s Dog Food problem, the
work in figure 4b begins using the
building-up strategy, adding 20P
+ 20P = 40P, where P represents
pounds, to be equivalent to 60D,
where D represents days. It shows that
5 more pounds are left. The student
now calculates how many days it will
take the dog to eat the remaining
5 pounds of food. The student incor-
rectly reverts to additive reasoning and
subtracts 5 repeatedly from the values
given in the problem, 20 pounds and
30 days, until he incorrectly deter-
mines that 5 pounds is equal to
15 days. His final incorrect solution
states that 40P + 5P= 45P is equal to
60D + 15D = 75D.

MORE STRUCTURED METHODS

Using ratio tables and graphs are
two structured methods for solving

Fig. 5 Doubling the numerator and denominator (b) and multiplication and division

(c) are used to solve this problem.

needed to make 300 sandwiches?

X 2 X 2

If 3 loaves of bread make 20 sandwiches, how many loaves of bread are
(a)

X 2 X 2
i YV Ve Vi VN

Subtract initial ratio

Loaves of 3 6 12
bread

24 48 -3 45

Sandwiches 20 40 80

160 | 320 | —-20 | 300

X 2 X 2 X 2 X 2
(b)
x10 =<2 X 3
VRV
Loaves of 3 30 15 45
bread
Sandwiches 20 200 | 100 | 300

(c)

proportion problems. The ratio table
may be a next step after students

have worked through the building-up
method. Students can use a ratio table
to organize numbers and record op-
erations and results while document-
ing the intermediate steps in solving
a ratio problem (Middleton and van
den Heuvel-Panhuizen 1995). It also
supports students’ proportional think-
ing. The equivalent ratios within the
table can be generated using a multi-
plicative strategy.

A ratio table can be used in many
ways to solve problems, which is, in
part, why it is so valuable. Students
can use it in whatever way makes
sense to them, regardless of the num-
ber of columns in the table. Figure
5a ofters another problem, and two
ways to approach it. The strategy of
doubling the numerator and denomi-
nator to solve the problem is shown in

figure 5a. Figure 5b uses multiplica-
tion and division.

The ratio table is a structure
that can move students to the more
efficient multiplicative strategy of
the factor of change. For example, a
student may discover that multiplying
a number by 10, dividing by 2, and
multiplying again by 3 is equivalent to
multiplying by 15.

Another structured tool is a graph.
When using a graph to solve a pro-
portion problem, all equivalent ratios
or rate pairs lie in a straight line (y =
kx) that passes through the origin. In
the cost of almonds graph (see fig. 6),
the points represent different quanti-
ties of almonds that can be purchased
and the corresponding cost. Start with
any pair, such as 2 pounds of almonds
that cost $10, and graph the line
and generate all other points. Then,
if purchasing 6 pounds of almonds,
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Fig. 6 Equivalent rate pairs of a proportion problem fall on the same line.

Cost of Almonds

Cost in dollars
N
o

4; 20

8, 40
6; 30

6 8 10

Pounds of almonds

a student could use the graph to

find the cost of $30.00. If the dollar
amount is $20.00, the student could
determine that 4 pounds of almonds
could be purchased. All these ratios
can be simplified to the same unit rate
of $5.00 for 1 pound of almonds. This
rate also represents 4, the slope of

the line; when £ is expressed with the
denominator of 1, £ is the unit rate.
Note that the slope of the line is the
constant of proportionality provid-
ing the multiplicative relationship
between the variables. Any number
of pounds of almonds x multiplied by
the unit rate £ in $/Ibs. will give the
total cost in dollars of the almonds y,
or y = kx.

The cross-multiplication method
can also be used to solve proportion
problems. However, research has
shown that this particular method is
“(1) poorly understood by students,
(2) seldom a ‘naturally generated’
solution method, and (3) often used
by students to avoid proportional
reasoning rather than to facilitate it”
(Lesh, Post, and Behr 1988, http://
www.cehd.umn.edu/rational
numberproject/88_8.html). But it
does have an important role when
solving proportion problems, espe-
cially when viewing the relationships

between the numbers if they are

not integers. Smith and colleagues
note that “Once solid conceptions of
proportionality have been developed,
cross multiplication can be introduced
as an efficient algorithm for solving
missing-value proportion problems—
especially those for which the num-
bers in the problem make intuitive
strategies difficult or cumbersome to
apply” (Smith, Boston, and Hillen
2003, p. 150).

It is important that teachers con-
nect the standard algorithm of cross
multiplication with students’ prior
learning so that this approach is not
solely understood as a rote procedure.
For example, when discussing various
methods, the factor-of-change and
the unit-rate methods can be linked
to student understanding of how cross
multiplication works. This missing-
value problem was solved using the
factor-of-change method:

24apples 72apples
$6 818

In the Apple problem, the factor-
of-change rate between the two ratios
was 3. The ratios can be rewritten to
show the factor of change within the
solution:
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The ratios are equivalent, since the
numerator and the denominator are
being multiplied by the same number.
Cross multiplication illustrates this
equivalence:

24+(6°3)=6°(24+3)

The cross-multiplication method can
be used to find the missing value, x:

First, rewrite the problem to show the
factor of change:

Then cross multiply:
24+(6°3)=6°x

The missing factors that are equiva-
lent to x are 24 and 3, the same
factors in the first cross multiplication
example above.

The standard algorithm for cross
multiplication can also be linked to the
student’s understanding of unit rates.
The unit rate for the Apple problem

24 apples 72 apples
$6 818

is 4 apples per $1.
The ratios can be rewritten to
show the unit rate within the solution:

64 apples 18+4 apples
6:$1 1881

The ratios are equivalent, since the
numerator and the denominator are
being multiplied by the same number.
Cross multiplication illustrates this
equivalence:



(6+4)=(181)=(61)(18+4)

The cross-multiplication method
can connect back to intuitive methods
that students generate themselves
when solving a proportion problem.
The connection between students’
intuitive methods and the standard
algorithm for solving proportions has
been acknowledged by several math-
ematics educators. “The curriculum
should provide extensive opportuni-
ties over time for students to explore
proportional situations concretely, and
these situations should be linked to
formal procedures for solving propor-
tion problems whenever such proce-
dures are introduced” (NRC 2001, p.
417).

CONCLUSION

The multiple ways to solve propor-
tional reasoning problems outlined in
this article should help teachers meet
mathematical challenges within the
middle school mathematics classroom.
“The fact that a large portion of the
adult population does not reason
proportionally suggests that certain
kinds of thinking do not occur spon-
taneously and that instruction needs
to take an active role in facilitating
thinking that will lead to proportional
reasoning” (Lamon 2005, p. 10). Stu-
dents may follow many paths as they
become proportional reasoners. Some
may learn intuitive strategies like the
unit-rate and the factor-of change
methods. Others may pursue more
structured approaches using a ratio
table or a graph. Ultimately, we want
our students to be able to approach
any proportional problem and solve
it efficiently and accurately. For many
students, the cross-multiplication
algorithm will be used to solve higher-
level-math problems. Linking the in-
tuitive understanding of proportional
reasoning to the standard algorithm
should help students move toward

a deeper understanding of propor-

Students may
follow many paths
as they become
proportional
reasoners;
some may learn
intuitive strategies
and others may
pursue more
structured
approaches.

tionality and away from learning rote
mathematics.
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Reflect and Discuss

Reflective teaching is a process of self-observation and self-evaluation. It
means looking at classroom practice, thinking about what is done and why,
and then evaluating whether it works. Collecting information about what
goes on in the classroom and then analyzing and evaluating this informa-
tion will allow teachers to identify and explore their practices and underlying

beliefs.

The following questions are suggested prompts to help the reader reflect
on the article and on how the authors’ ideas might benefit your classroom
practice. Readers are encouraged to reflect on the article independently as

well as discuss it with your colleagues.

How would you use any of these problems in your classroom to support
a particular approach to understanding proportions?

How might you use these problems differently in different grade levels
to develop proportional reasoning?
What is your evidence of student understanding about proportional
reasoning? How does this provide information about your instruction?
What is your next step?

Tell us how you used “Reflect and Discuss” as part of your professional
development. The Editorial Panel appreciates the interest and values the
views of those who send us their comments. Letters may be submitted to
Mathematics Teaching in the Middle School at mtms@nctm.org. Please
include “Readers Write” in the subject line. Because of space limitations,
letters and rejoinders from authors beyond the 250-word limit may be
subject to abridgment. Letters are also edited for style and content.
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