7.1 – Solving and rearranging linear equations, 

Knowledge of a function, Minimum and maximum

Curriculum Outcomes:

A2
analyze graphs or charts of given situations to identify information
B4
identify and calculate maximum and/or minimum values in a linear programming model
C6
apply linear programming to find optimal solutions to real-world problems
C9
construct and analyze graphs and tables relating two variables
C12
express and interpret constraints, using inequalities

7.2 – Graphing Linear inequalities, 
Testing points inside and outside the feasible region

Curriculum Outcomes:

A1
relate sets of numbers to solutions of inequalities
A2
analyze graphs or charts of given situations to identify information
A7
demonstrate an understanding of and apply proper use of discrete and continuous 

number systems

B4
identify and calculate maximum and/or minimum values in a linear programming model
C2
model real-world phenomena with linear, quadratic, exponential, and power equations, and linear inequalities
C6
apply linear programming to find optimal solutions to real-world problems
C9
construct and analyze graphs and tables relating two variables
C11
write an inequality to describe a graph
C12
express and interpret constraints, using inequalities
C16
interpret solutions to equations based on context
C24
rearrange equations
C27
solve linear and simple radical and exponential equations and linear inequalities
C31
graph equations and inequalities and analyze graphs, both with and without technology
C33
graph by constructing a table of values, by using graphing technology, and, when appropriate, by y-intercept slope method
C34
investigate, make and test conjectures about the solution to equations and inequalities using graphing technology

Graphing Inequalities

An inequality is a mathematical statement that uses the symbols ≤, <, ≥, and >. The graph of an inequality is a region of the graph that is bounded by the inequality. In other words, all of the solutions in the region of the graph formed by the inequality satisfy the equality. There is more than just one solution which is usual for linear equations. 

The symbols > and < produce a graph in which the line is not part of the solution. Therefore a broken line is drawn. The symbols ≤ and ≥ produce a graph in which the line is a part of the solution. Therefore a solid line is drawn.

Example 1: y > 3x – 2
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To locate the region, substitute the coordinates (0, 0) into the inequality to test whether the statement is true or not true and shade the appropriate area.

Test (0, 0)

y > 3x – 2




0 > 3(0) – 2




0 > -2 {TRUE}

Since the point (0, 0) makes the statement true, this point belongs in the solution. Therefore the half-plane containing (0, 0) are a part of the solution and this half-plane will be shaded.

Example 2: 6x – 2y + 8 ≥ 0



-2y ≥ -6x - 8
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y ≤ 3x + 4
Note: If both sides of the inequality are divided by a negative quantity, the sign of the inequality is reversed.
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Test (0, 0)
y ≤ 3x + 4



0 ≤ 3(0) + 4



0 ≤ 4 {TRUE} 

Therefore the half-plane containing (0, 0) will be shaded.

This same process can be used to solve a system of inequalities. The solution is the set of all points in the region that is common to all the inequalities in that system. It is the region where the shadings overlap. This solution is called the feasible region. 

Example 3: Solve 2x + 3y ≤ 12 and x – y > 1 by graphing.


3y ≤ -2x + 12



x – y > 1
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Test: (0, 0)
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{Not True} Therefore shade the region that does not contain the point (0, 0). Shade above the line. 

 


 {True} Shade the half-plane containing the point (0, 0).

Test: (0, 0)

y < x – 1

0 < 0 – 1

0 < -1 {Not True} Shade the half-plane that does not contain the point (0, 0).

Example 4: Solve x ≥ 0, y ≥ 0, x + y ≤ 6, and 3x + 2y ≥ 4 by graphing.


x ≥ 0 and y ≥ 0 mean that the feasible region will be located in the first quadrant.


x + y ≥ 6


      y ≥ -x + 6


3x + 2y ≥ 4






        2y ≥ -3x + 4
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{Not True} Therefore shade the region that does not contain the point (0, 0). Shade above the line. 
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Test (0, 0)



y ≤ -x + 6



0 ≤ -0 + 6



0 ≤  6   {True} Therefore shade the half-plane that contains (0, 0).

Test (0, 0)
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0 ≤  2   {Not True} Therefore shade the half-plane that does not contain 

(0, 0).

Example:

1: Solve x ≥ 0, y ≥ 0, 2x + y ≤ 6, and x + y ≤ 5 by graphing.



2x + y ≤ 6


 x + y ≤ 5



y ≤ -2x + 6


 y ≤ -x + 5
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Test (0, 0)



y ≤ -2x + 6


 



0 ≤ -0 + 6



0 ≤  6   {True} Therefore shade the half-plane that contains (0, 0).


Test (0, 0)



y ≤ -x + 5



0 ≤ -0 + 5



0 ≤  5   {True} Therefore shade the half-plane that contains (0, 0).
7.3 – Linear Programming (Finding the solution to an equation by graphing and finding the point of intersection);
Maximum and Minimum and optimal solutions
Curriculum Outcomes:

A1
relate sets of numbers to solutions of inequalities
A2
analyze graphs or charts of given situations to identify information
A7
demonstrate an understanding of and apply proper use of discrete and continuous 

number systems

B4
identify and calculate maximum and/or minimum values in a linear programming model
C6
apply linear programming to find optimal solutions to real-world problems
C12
express and interpret constraints, using inequalities
C17
solve problems using graphing technology
C19
solve systems of linear equations using substitution and graphing methods
C24
rearrange equations
C31
graph equations and inequalities and analyze graphs, both with and without technology
C34
investigate, make and test conjectures about the solution to equations and inequalities using graphing technology
E9
use deductive reasoning, construct logical arguments and be able to determine, when given a logical argument, if it is valid
Linear Programming

Linear programming is a technique used to solve problems that are encountered in business and industry. These problems usually involve maximizing or minimizing expenses. The solution will consist of graphing the region that satisfies all the inequalities. The solution will produce a feasible region and the vertices that will yield a maximum profit or a minimum cost.

Example 1: Panther Electronics is going to build computers for the students of the new 

high school. Two types will be produced: a laptop and a desktop. The laptop requires 1 hour to put the components together and 3 hours to test the components. The desktop requires 2 hours to put the components together and 2 hours to test the components. The maximum number of any type they can make in one week is 6 and each week the company is allotting 10 hours for putting the components together and 14 hours for testing. Write the constraints and sketch the graph that shows the feasible region of the points that represent the number of laptops and desktops that can be made.

Solution 1:
To solve this problem, the first step is to write the inequalities (constraints).
Let x = number of laptops

Let y = number of desktops

Inequalities

x ≥ 0

y ≥ 0
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x + 2y ≤ 10
    1 hour to put the components together in laptops and 2 hours 

    to put the components together in desktops. Company only allotted 

    10 hours maximum per week for this job.
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3x + y ≤ 14
   3 hour to test the components in laptops and 2 hours 

    to test the components in desktops. Company only allotted 

    14 hours maximum per week for this job.

x + y ≤ 6
Company can only make a maximum of 6 computers in one week.

x + 2y ≤ 10


3x + y ≤ 14

x + y ≤ 6

2y ≤ -x + 10


y ≤ -3x + 14

      y ≤ -x + 6
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Test (0, 0)
x + 2y ≤ 10

0 ≤ - ½ (0) + 10

0 ≤ 10  {True} Therefore shade the region that contains (0, 0)

Test (0, 0)

y ≤ -3x + 14

0 ≤ -3(0) + 14

0 ≤ 14 {True} Therefore shade the region that contains the point (0, 0).

Test (0, 0)

y ≤ -x + 6

0 ≤ -(0) + 6

0 ≤ 6 {True} Therefore shade the region that contains the point (0, 0).

Example 2: A regional municipality has access to two computers, A and B, which it uses 

to solve water pollution and air pollution problems. Computer A is available for use for 16 min/hr and computer B is available for 36 min/hr. It takes 2 minutes on computer A and 4 minutes on computer B to solve a water solution problem. To solve an air pollution problem takes 2 minutes on computer A and 6 minutes on computer B. How many problems of each type should be solved every hour to maximize the profit if a solution to a water pollution problem shows a profit of $500 and to an air pollution problem a profit of $600?

Solution 2:
To solve this problem, the first step is to write the inequalities (constraints).

Let x = water pollution problems

Let y = air pollution problems

Inequalities

x ≥ 0

y ≥ 0
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2x + 2y ≤ 16
    2 minutes on computer A to solve a water pollution problem and 2 

    minutes on computer A to solve an air pollution problem. Computer A 

    is only available for 16 minutes every hour.
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4x + 6y ≤ 36
   4 minutes on computer B to solve a water pollution problem and 6 

    minutes on computer B to solve an air pollution problem. Computer B   

    is only available for 36 minutes every hour.

Profit = 500x + 600y   

2x + 2y ≤ 16



        4x + 6y ≤ 36

2y ≤ -2x + 16



        6y ≤ -4x + 36
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  y ≤ -x + 8

Graph the region that satisfies all of the inequalities.
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Test (0, 0)

y ≤ -x + 8

0 ≤ 0 + 8

0 ≤ 8  {True} Therefore shade the region that contains (0, 0)

Test (0, 0)
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{True} Therefore shade the region that contains the point (0, 0).

The maximum profit is at the vertex of the region. Therefore, each vertex must be substituted into the profit equation in order to find out which vertex gives the maximum amount of profit. This is the optimal solution.
P = 500x + 600 y

(0, 0)
P1 = 500(0) + 600(0)
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P1 = $0

(0, 6)
P2 = 500(0) + 600(6)
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P2 = $3600
(6, 2)
P3 = 500(6) + 600(2)


P3 = $4200
(8, 0)
P4 = 500(8) + 600(0)


P4 = $4000
Exercises:

1.  A pharmaceutical company produces two pills, 1 and 2. Each pill contains vitamin A, B, and C. Pill 1 contains 2 mg of Vitamin A, 3 mg of Vitamin B, and 25 mg of Vitamin C. Pill 2 contains 1 mg of Vitamin A, 3 mg of Vitamin B, and 50 mg of Vitamin C. Mr. Smits, a patient of Dr. Neal, has been prescribed a minimum daily dosage of 5 mg of Vitamin A, 12 mg of Vitamin B, and 125 mg of Vitamin C. Pill 1 costs $0.32 each and pill 2 costs $0.29 each. How many of each pill should Mr. Smits take daily to minimize the cost?

2. A college student opened a swimsuit business for the summer months. She is making tankini suits and bikini suits. Each tankini is processed for 4 minutes on the cutting machine and for 3 minutes on the sewing machine. Each bikini is processed for 3 minutes on the cutting machine and for 1 minute on the sewing machine. The cutting machine is available for a maximum of 120 minutes each day and the sewing machine for 60 minutes each day. If the tankini yields a profit of $45.00 and a bikini a profit of $30.00, how many of each swimsuit should she make each day to make a profit?

Answers: 
1. To solve this problem, the first step is to write the inequalities (constraints).

Let x = pill 1

Let y = pill 2

Inequalities
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x ≥ 0

y ≥ 0

[image: image70.png]



2x + y ≥ 5
    2 mg of Vitamin A in pill 1 and 1 mg of Vitamin A in pill 2. 

    Patient needs at least 5 mg of Vitamin A per day.
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3x + 3y ≥ 12
   3 mg of Vitamin B in pill 1 and 3 mg of Vitamin B in pill 2. 

    Patient needs at least 12 mg of Vitamin B per day.
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25x + 50y ≥ 125      25 mg of Vitamin C in pill 1 and 50 mg of Vitamin C in pill 2. 

        Patient needs at least 125 mg of Vitamin C per day.

Cost = $0.32x + $0.29y   

        2x + y ≥ 5

                    3x + 3y ≥ 12

        y ≥ -2x + 5


        3y ≥  -3x + 12
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                                                                         y ≥  -x + 4

25x + 50y ≥ 125

50y ≥ -25x + 125
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Graph the region that satisfies all of the inequalities.[image: image76.wmf]180
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Test (0, 0)

y ≥ -2x + 5

0 ≥ -2(0) + 5

            0 ≥ 5                   

Test (0, 0)

y ≥ -x + 12           

0 ≥ -(0) + 12     

0 ≥ 12     

Test (0, 0)




The minimum cost is at the vertex of the region. Therefore, each vertex must be substituted into the cost equation in order to find out which vertex gives the minimum amount of cost. This is the optimal solution.
C = $0.32x + $0.29y

(0, 5)
C1 = $0.32(0) + $0.29(5)


C1 = $1.45

(1, 3)
C2 = $0.32(1) + $0.29(3)


C2 = $1.19
(3, 1)
C3 = $0.32(3) + $0.29(1)


C3 = $1.25
(5, 0)
C4 = $0.32(5) + $0.29(0)


C4 = $1.60
2. To solve this problem, the first step is to write the inequalities (constraints).

Let x = tankinis

Let y = bikinis

Inequalities

x ≥ 0

y ≥ 0

4x + 3y ≤ 120
    4 minutes is required for each tankini on the cutting machine and 3 

     minutes for each bikini on the cutting machine.  The cutting machine, 

    itself,  is only available for a maximum of 120 minutes. 

3x + y ≤ 60
    3 minutes is required for each tankini on the sewing machine and 1 

     minute for each bikini on the sewing machine.  The sewing machine, 

    itself,  is only available for a maximum of 60 minutes. 

Profit = 45x + 30y   

4x + 3y ≤ 120



3x + y ≤ 60

3y ≤ -4x + 120



 y ≤  -3y + 60
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 Graph the region that satisfies all of the inequalities.





Test (0, 0)



0 ≤ 40  {True} Therefore shade the region that contains (0, 0)

Test (0, 0)


y ≤ -3x + 60

0 ≤ -3(0) + 60

0 ≤ 60
{True} Therefore shade the region that contains the point (0, 0).


Inequalities:                                                       y ≤ -3x + 60

To determine the exact point of intersection (the point (?, ?)), the method of comparison is used here.










Next put x = 12 into one of the two equations to solve for y.

y = -3x + 60

y = -3(12) + 60

y = -36 + 60

y = 24

Therefore our unknown point (?, ?)  or the exact point of intersection is (24, 12).

The maximum profit is at the vertex of the region. Therefore, each vertex must be substituted into the profit equation in order to find out which vertex gives the maximum amount of profit. This is the optimal solution.
P = 45x + 30y

(0, 0)
P1 = 45(0) + 30(0)


P1 = $0

(0, 40)
P2 = 45(0) + 30(40)


P2 = $1200
(12, 24)P3 = 45(12) + 30(24)


P3 = $1260
(20, 0)
P4 = 45(20) + 30(0)


P4 = $900
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y > 3x – 2 is bounded by the broken line y = 3x - 2
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The graph y ≤ 3x + 4 is bounded by the solid line y = 3x + 4.
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The feasible region is where the shadings overlap. The point (3, 2) is not included in the solution set since it is on the broken line of y < x – 1.





(3, 2)
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x ≥ 0





y ≥ 0





The feasible region is where the shadings overlap (yellow area).
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y ≥ 0





x ≥ 0





(1, 4)





(0, 5)





(3, 0)





(0, 0)





The feasible region is where the shadings overlap (green area). The vertices (0, 0), (0, 5), (1, 4), (3, 0) are also included in the solution.





y ≥ 0





x





x ≥ 0





y





The feasible region where the shadings overlap (green area). The vertices (0, 0), (0, 5), (2, 4), (4, 2), (5, 0) are also included in the solution.
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x ≥ 0





y





y ≥ 0





x





The feasible region is where the shadings overlap (green area). The vertices (0, 0), (0, 6), (6, 2), (8, 0) are also included in the solution.
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To realize the maximum profit, the municipality should solve 6 water pollution problems and 2 air pollution problems each hour.





The number of pills cannot be a negative number.





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





y





x ≥ 0





y ≥ 0





x





The feasible region is where the shadings overlap (darker green area). The feasible region indicates that there is an infinite number of ways for Mr. Smits to get the minimum daily dosage of Vitamins A, B, and C. However, the vertices (0, 5), (1, 3), (3, 1), and (5, 0) are also included in the solution. The minimum cost (ultimate solution) can be found at the vertex of the region.
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�





{Not True} Therefore shade the region that does not contain the point  (0, 0). Shade above the line. 
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The minimal cost is at (1, 3) which means that Mr. Smits should take one of pill 1 and three of pill 2 in order to get his minimal daily dosage of his vitamins and minimize his cost.





y





x ≥ 0





x





y ≥ 0





The feasible region is where the shadings overlap (green area).    The vertices (0, 0), (0, 40), and 


(20, 0) along with the unknown coordinate (?, ?) are also included in the solution. The coordinates of the questionable point cannot be accurately determined from this graph. Therefore we must use algebra to solve for the coordinates by using elimination, comparison or substitution.


Remember that it is at one of these vertices that the maximum profit (or the optimal solution) exists.
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To realize the maximum profit, she has to make 12 tankinis and 24 bikinis each day.
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