4.5 – Nonlinear Regression (quadratic and exponential) 
Curriculum Outcomes:

A7
demonstrate an understanding of and apply proper use of discrete and continuous 

number systems

C1
express problems in terms of equations and vice versa

C4
create and analyze scatter plots, using appropriate technology
C9
construct and analyze graphs and tables relating two variables
C17
solve problems using graphing technology
C20
evaluate and interpret non-linear equations using graphing technology
C30
compare regression models of linear and non-linear functions

F3
construct various displays of data
F7
explore non-linear data, using power and exponential regression, to find a curve of best fit
F8
determine and apply a line of best fit, using the least-squares method and median-median method, with and without technology, and describe the differences between the two methods
F10
use interpolation, extrapolation, and equations to predict and solve problems
Discrete and Continuous Number Systems

If a variable can take on any value between two specified values, it is called a continuous variable; otherwise, it is called a discrete variable. 

Some examples will clarify the difference between discrete and continuous variables. 
Example 1: Suppose the fire department mandates that all fire fighters must weigh between 150 and 250 pounds. The weight of a fire fighter would be an example of a continuous variable; since a fire fighter's weight could take on any value between 150 and 250 pounds. 
Example 2: Suppose we flip a coin and count the number of heads. The number of heads could be any integer value between 0 and plus infinity. However, it could not be any number between 0 and plus infinity. We could not, for example, get 2.5 heads. Therefore, the number of heads must be a discrete variable.
Example 3:

a)  Into which parts could 6 pencils be divided?    

Halves, thirds, and sixths.

b) Into which parts could 6 meters be divided?  

 
Any parts, 6 meters are continuous.
Example 4:   Which of these is continuous and which is discrete?
a)  A stack of coins     

   
  Discrete 
b)  The distance from here to the Moon.   

     
Continuous     Distance is length, which is continuous. 
There is no limit to its smallness.
c)  A bag of apples   

     
Discrete
d)  Applesauce   

     
Continuous
e)  A dozen eggs   
Discrete
f)  60 minutes   
Continuous     Time is continuous.

Scatter Plots/Line of Best Fit:

A scatter plot is a basic graphic tool that illustrates the relationship between two    

    variables. The dots on the scatter plot represent data points.

Scatter plots are used with variable data to study possible relationships between two 
   different variables. Even though a scatter plot depicts a relationship between variables,   

    it does not indicate a cause and effect relationship.
Use scatter plots to determine what happens to one variable when another variable 
   changes value. It is a tool used to visually determine whether a potential relationship 
   exists between an input and an outcome.
A line of best fit is a line plotted on a scatter plot of data which is closest to most 

    points of the plot.
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Example:Determine whether the wages of college students and the wages of high-school-only graduates listed below are correlated. If so, find the equation of a best-fit line using technology.
Step 1: Graph the pairs of numbers from the table in the calculator by entering them into L1 and L2.
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Step 2: Sort the data into ordered pairs (using the SortA in the OPS submenu) and plot them as a scatter plot (Turn on Stat Plot 1) adjusting the Window to view your graph using Zoomstat.
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Step 3: Find the equation for the best fit line using linear regression. Use the Zoomstat to view the line. 
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Power and Exponential Functions

Power functions can be difficult to recognize in modeling situations. The reason is that, for long stretches of data, trends modeled by power functions can look like those modeled by exponential. The differences between power models and exponential can be subtle, and emerge only gradually as data accumulates but the differences between the various models are so small, it usually doesn't matter which one is used. 

It is easy to confuse power functions with exponential functions. Both have a basic form that is given by two parameters. Both forms look very similar. In exponential functions, a fixed base is raised to a variable exponent. In power functions, however, a variable base is raised to a fixed exponent.

Regression Models of Linear and Non-linear Functions

Linear regression is a method dealing with a straight-line relationship between variables. It is in the form of y = a + bx, whereas nonlinear regression involves curvilinear relationships such as exponential and quadratic functions.
Nonlinear regression is a general technique to fit a curve through your data. It fits data to any equation that defines Y as a function of X and one or more parameters. It finds the values of those parameters that generate the curve that comes closest to the data. Nonlinear regression is a form of regression analysis in which observational data are modeled by a function which is a nonlinear combination of the model parameters and depends on one or more independent variables. The data are fitted by a method of successive approximations. Nonlinear regression fits a mathematical model to your data.
Example:
A rabbit was injected with a virus and “x” hours after the injection the temperature “y” (in degrees Celsius) was measured. The data is in the table below. 

	Elapsed Time (x)
	24
	32
	48
	56

	Temperature (y) (Cº)
	39.3
	40.3
	41.4
	41.7


Find an equation of the regression line and estimate the rabbit’s temperature 40 hours after the injection. Use a graphing calculator to find the linear regression.
Solution: 

y = ax + b
a = 0.07375                    or                y = .07x + 37.73

b = 37.725
Substitute 40 hours for “x” and solve.



y = .07x + 37.73


y = .07(40) + 37.73              The rabbit will have a temperature of 



y = 2.8  +  37.73                    around 40.5º after 40 hours.       



y = 40.53               

Example: 
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Data:  The data below shows the cooling temperatures of heated tin after it is removed from a smelting oven and placed in a receptacle.  The highest desired temperature is approximately 180º C.
a.) Determine an exponential regression model equation to represent this data.  

b.) Graph the new equation.  

c.) Decide whether the new equation is a "good fit" to represent this data.  

d.) Based upon the new equation, what was the initial temperature of the tin?   

e.) Interpolate data:  When is the tin at a temperature of 106 degrees? 

f.) Extrapolate data:  What is the predicted temperature of the tin after 1 hour? 

g.) How long should the metallurgist wait (after removing the tin from the oven before placing it in the mold, to ensure that the tin was not hotter than 155º ?  
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Answers:

Step 1.  Enter the data into the lists.  
. 
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Step 2.  Create a scatter plot of the data.  
     Go to STATPLOT (2nd Y=) and choose the first plot.  Turn the plot ON, set the icon to Scatter Plot (the first one), set Xlist to L1 and Ylist to L2 (assuming that is where you stored the data), and select a Mark of your choice.
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Step 3.  Choose Exponential Regression Model.
     Press STAT, arrow right to CALC, and arrow down to 0: ExpReg.  Hit ENTER.  When ExpReg appears on the home screen, type the parameters L1, L2, Y1. (Instead of pressing enter, press VARS, Press right to select the "Y-VARS" tab, and select #1 "Function...". From there choose which y function you want the equation to go into and press enter.) The Y1 will put the equation into Y= for you. 

If the correlation coefficient is not present follow these steps:

1. Press [2nd] [CATALOG] (the shifted [0] key). 
2. To move to the beginning of the D’s, press the [x−1] key. (A green D is printed above that key. Do not press the green [ALPHA] key first, because the CATALOG command automatically puts the TI-83/84 in alpha mode.) 
3. Use the arrow keys to move to DiagnosticOn. 
4. Press [ENTER] to select the command, and [ENTER] again to execute it. 
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The exponential regression equation is
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(answer to part a)
Step 4.  Graph the Exponential Regression Equation from Y1.
     ZOOM #9 ZoomStat to see the graph. 
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Step 5.  Is this model a "good fit"?
     The correlation coefficient, r, is -.9849556976 which places the correlation into the "strong" category.  (0.8 or greater is a "strong" correlation)


The coefficient of determination, r2, is.9701377262 which means that 97% of the total variation in y can be explained by the relationship between x and y.  
     
Yes, it is a very "good fit". 
         (answer to part c)
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Step 6.  
      Based upon the new equation, what was the initial temperature of the tin?
                       The exponential regression equation is
                    


where x stands for time.  The initial temperature would occur when the time equals zero.  Substituting zero for x gives an initial temperature of 171.462º.
                          (answer to part d)
Step 7.  Interpolate:  (within the data set)
   When is the tin at a temperature of 106 degrees?
  
Go to TBLSET (above WINDOW) and set the TblStart to 42 (since 42 minutes gives a temperature close to 106º according to the original data).  Set the delta Tbl to a decimal setting of your choice.  Go to TABLE (above GRAPH) and arrow up or down to find your desired temp of 106º, in the Y1 column.
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Step 8. Extrapolate data: (beyond the data set)
     What is the predicted temperature of the tin after 1 hour? 

   
Change 1 hour to 60 minutes.  With your exponential equation in Y1, go to the homescreen and type Y1(60).  Press ENTER.                          
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           (answer to part f -- 84.4º C)

Step 9.   How long should the metallurgist wait after removing the tin before he places it into a mold, to ensure that the tin is not hotter than 155º ?
Repeat procedure from Step 7: (Hint: reset TBLSET to reflect a time when the temperature is close to 155º, look at original data.)
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(answer to part g  - - approx. 8.5 minutes)

 
Finding the “Line of Best Fit” using the Median-Median Method (Manually)

Before attempting this method it is wise to look closely at the scatter plot to be sure the

relationship between the variables is linear. 

GUIDELINES FOR CONSTRUCTING MEDIAN FIT LINES ON A SCATTER PLOT:
1. Separating Data Points: 

By drawing vertical dotted lines, separate the data into three groups from left to right. 

· The number of data points in each group should be as nearly equal as possible. 

· If the number of data points in each group is not equal, then 

· a)  the number of points in the two outside groups should be the same, and 

· b)  the number of data points in the middle group should be one more or one less than the number of points in the outside groups. 

· All data points with the same x-value should be grouped together. 

2. Finding the Median of Each Group: 

· Determine the median relative to the x-axis, i.e. moving left to right, independent of the median relative to the y-axis, i.e. moving from bottom to top. 

· If there is an odd number of points in the group, the median relative to one axis or the other will be a data point. (Note, it may not be the same point relative to each axis.) 

· If there is an even number of points in the group the median will lie between the middle two points with respect to each axis; i.e. the average of the two middle points. 

3. Drawing the Best Fit Line: 

· Lightly draw a line connecting the outside medians. 

· Beginning at the median for the second group of points, draw a straight line to the lightly drawn line. 

· Divide that straight line into three equal parts. 

· Construct a second line, parallel to the first, by sliding the ruler from the lightly drawn line one third of the way toward the middle median. This is the best fit line for the data. 

4. Determining the Equation of the Line: 

· Label the median point of the first group of data points as P1(x1,y1). 

· Label the median point of the third group of data points as P3(x3,y3). 

· Calculate the slope using the equation-         m = (y3 - y1)/(x3 - x1) 

· Choosing a point PL(xL,yL) on the best fit line, write the equation y - yL = m(x - xL) Express this equation in slope intercept form - 

y = mx + b 

This is the equation for the Median Fit Line. 
Example:  - Graph the following set of data for Temperature measurements, and determine the equation relating them. 
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Solution:

Step 1: - Draw two perpendicular axes on a piece of graph paper. The horizontal x-axis will be labeled Degrees Celsius. The Vertical y-axis will be labeled Degrees Fahrenheit
Step 2: - Choose appropriate scales for each axis, and label them. 

Step 3: – Locate each point on the graph with a clearly defined point.
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Step 4: - Give the graph a title. "Graph of Fahrenheit vs. Celsius Temperatures". 

Step 5: – Divide the data into three groups (on graph or in the table) and determine the median point for each group of points, and locate them on the graph. 

P1(15, 59)            P2(50, 122)            P3(85, 185) 
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Step 6: - Lightly draw a line connecting P1 and P3, then determine the slope of the median fit line. 

m = 
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m = 1.8

Step 7: - Shift the light line one-third of the way toward P2, then draw a dark line parallel to the lightly drawn line. This is the median fit line. 

Step 8: - Estimate the value on the y-axis where the median fit line crosses it. This is the y-intercept "b". 

b = 32

Step 9: - Write the equation of the median fit line using the following formula.

y = mx + b 

F = 1.8C + 32 
Finding the “Line of Best Fit” using the Median-Median Method 

                            (Graphing Calculator)

Example: 

A company is trying to relate the price in dollars of a product to the number of units sold (demand) as indicated in the following table:

	Price  
	10
	20
	30
	40
	50
	60

	Demand
	70
	69
	63
	50
	43
	30


Find the equation of the regression line using the median-median method and display the line of best fit.

Solution:

Step 1:  On a graphing calculator, input the data in lists.
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Step 2:  Press STAT  Calc.  Choose Med-Med (3) and press ENTER.

Step 3:  The screen should read “Med-Med”. Press 2nd 1 (to choose L1), then a comma.

Press 2nd 2 (to choose L2), comma, then the function Y1 (Before pressing enter, press VARS, Press right to select the "Y-VARS" tab, and select #1 "Function...". From there choose which y function you want the equation to go into and press enter.) The Y1 will put the equation into Y= for you.) and then ENTER to show the equation. 
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                                                y =  – .825x + 83.042  

Step 4: Press ZOOM (Zoomstat #9), TRACE, to display the graph with a line of best fit.
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