4.3 - Transformations, Mapping notation

Curriculum Outcomes:

C2
model real-world phenomena with linear, quadratic, exponential, and power equations, and linear inequalities
C22
analyze and describe transformations of quadratic functions and apply them to absolute value functions
C23
express transformations algebraically and with mapping rules
C31
graph equations and inequalities and analyze graphs, both with and without technology
E4
apply transformations when solving problems
E5
use transformations to draw graphs

QUADRATIC FUNCTIONS: y = x2
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To graph the function y = x2 create a table of values such that –3
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3. 

	X
	-3
	-2
	-1
	0
	1
	2
	3

	Y
	9
	4
	1
	0
	1
	4
	9


These are the seven crucial points 

on the curve of y = x2 :  the vertex

point (0, 0) and these six:

(1, 1) (-1, 1) → right and left 1 and up 1,

(2, 4) (-2, 4) → right and left 2 and up 4

(3, 9) (-3, 4) → right and left 3 and up 9

from the vertex.

The graph produced by y = x2 is a curve called a parabola.  The parabola is a symmetrical curve that has one axis of symmetry.  The axis of symmetry is a vertical line that passes through the turning point of the parabola.  The turning point is called the vertex.  The equation of the axis of symmetry is x = the value of the x co-ordinate of the vertex.  Every parabola that is graphed is this standard curve with transformations performed on it.

The transformations that can be performed on y = x2 are:

a)
Vertical Stretch (V.S.) –
a transformation that describes how the y – value is 





stretched by a scale factor (the number times y)

a) Horizontal Translation (H.T.) – 
a transformation that describes the number 

of units and direction that a curve has moved horizontally.

b) Vertical Translation (V.T.)  - a transformation that describes the number of 

units and direction that a curve has moved vertically.

c) Vertical Reflection (V.R.) – a transformation in which a plane figure flips over vertically and has a horizontal axis of reflection.

All of these transformations are visible in the equation written in transformational form of y = x2
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 (y – VT) = (x - HT)2   
A reflection in the x-axis occurs if there is a





negative sign on the y-side of this equation (
[image: image4.wmf].

.

1

S

V

-

).

A vertical stretch of 2 occurs if y = x2 shown as ½ y = x2 
Therefore, the y-values of 1, 4, 9 become 2, 8, 18.

A vertical stretch of ½ occurs if y = x2 shown as 2y = x2

Therefore the y-values of 1, 4, 9 become, ½, 2, 4½.

A vertical reflection occurs if y = x2 shown as – y = x2 
Therefore, the y-values of 1, 4, 9 become –1, -4, -9.

A horizontal translation occurs if y = x2 shown as y = (x + 3)2

Therefore the vertex is now (-3, 0) and not (0, 0).

A vertical translation occurs if y = x2  shown as (y - 4) = x2

Therefore the vertex is now (0, 4) and not (0, 0).

Some or all of the above transformations may be performed on the graph of y = x2.  To sketch the graph of the curve that has undergone transformations, plot the vertex first and from here move right and left 1, 2, 3 and up or down the y- values determined by the vertical stretch.

Examples:

1)
List the transformations of y = x2 and sketch the graph.

⅓ (y + 5) = (x – 2)² 

H.T. → 2 units right

V.T. → 5 units downward
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Vertex (2, -5)

V.S. → 3
3 x 1 → 3
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 1 ↑ 3



3 x 4 → 12
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2  ↑ 12



3 x 9 → 27
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3  ↑ 27
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2.  List the transformations of y = x2 and sketch the graph.

-2 (y – 4) = x2

Reflection


H.T. → none


V.T. → upward 4 units


Vertex (0, 4)
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V.S. → ½
½ x 1 = -½
± 1 ↓ - ½            all are negative (↓)


½ x 4 = -2  
± 2 ↓ -2           because the graph


½ x 9 = -4½
± 3 ↓ - 4 ½         is a reflection
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Another way to examine the transformations of y = x2 is to describe how y = x2   is related to the transformed curve.  This is done by writing a mapping rule.  A mapping rule (x, y) → ( , ) will show the exact changes in the seven crucial points.  Using the mapping rule, a table of values can be created.

Example: Write the following equation using mapping notation and create a table of values.  Sketch the graph:

-½ (y + 3) = (x – 4)2  

(x, y) → (x + 4, - 2y – 3)

	x → x + 4
	y → -2y - 3

	-3
	1
	9
	-21
	    
	(1, - 21)

	-2
	2
	4
	-11
	
	(2, -11)

	-1
	3
	1
	-5
	
	(3, -5)

	0
	4
	0
	-3
	
	(4, -3)

	1
	5
	1
	-5
	
	(5, -5)

	2
	6
	4
	-11
	
	(6, -11)

	3
	7
	9
	-21
	
	(7, -21)
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The vertex is the lowest point reached by a parabola that opens upward and the highest point reached by a parabola that opens downward.  This is very important when writing the range of such a curve.

For  -½ (y + 3) = (x – 4)2   the domain is {x( x ϵ R} and the range is { y( y 
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 -3, y ϵ R}

The domain of the parabola drawn from an equation is always {x ( x ϵ R} since x can go on infinitely.  The y-coordinate of the vertex and the direction of its opening will determine the range.  The domain of { x ( x ϵ R } will change when a real-life problem is applied.

Exercises:
1. For the following equation describe in words, the transformations of 

y = x2.



-3 (y + 1) = (x – 2)2   

2.   List the transformations of y = x2 in ⅓ (y + 5) = (x – 4)2   and write its mapping rule.

3.   The mapping rule of the graph of y = x2 that has undergone transformations is 

      (x, y) → (x + 6, - ½y – 3).  Write the equation for this curve in transformational form.
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4.   Describe the transformations of y=  x2 that exist in the following graph. Write its mapping rule and write the equation in transformational form.

5.    Answer the following questions with respect to this graph.

[image: image21.png]15






a.
Is the graph a vertical reflection of y = x2 ?



b.
What are the coordinates of the vertex?

 


c.
What is the equation of the axis of symmetry?


d.
What is the scale factor of the vertical stretch?


e.
What is the domain?






f.
What is the range?




6.    A football is kicked from the ground and into the air.  Its path through the air is shown in the following graph where t is the time in seconds and h is the height in metres.
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a) What is the maximum height reached by the football?


b) How long did it take the football to reach this height?



c) How long was the ball in the air?




.
d) What is a meaningful domain and range for this problem?

Absolute Function

The absolute function of x is written (x(. The value of (x( is never negative. Here are some examples.

Example 1: y = (x(

                                        Example 2: y = (x+2(



	x
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y

	-3
	3

	-2
	2

	-1
	1

	0
	0

	1
	1

	2
	2

	3
	3
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y = (x(






y = (x+2(
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Example 3: 
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The same processes that were applied to the graph of y = x2 apply to the absolute value functions.

Example 4: For the graph below, list the transformations of y = (x(, write a mapping rule and an equation to model the graph



Exercises:
1. Make a table of values and graph for the absolute value function                               -2(y + 4) = (x – 2(.
2. For the following graph, list the transformations of y = (x(, write a mapping rule, and an equation to model the graph.

3. For the following mapping rule, sketch the graph and write the equation.

(x, y) → (x – 5, y + 7)

Answers: 

Quadratic Functions

1. The graph of y = x2 has undergone a horizontal translation of 2 units to the right and a vertical translation of 1 unit down.  The new vertex is (2, -1).  The graph has been reflected in the x-axis and the y-values of 1, 4, and 9 have been changed by a scale factor of ⅓.  The y-values are -⅓, -1⅓, and -3.
2. The transformations of y = x2 in ⅓ (y + 5) = (x – 4)2  are:



H.T. → 4 
V.T. → -5
V.S. → 3.  



Its mapping rule is (x, y) → (x + 4, 3y –5)

3. For      (x, y) → (x + 6, - ½y – 3), the equation in transformational form is 




–2(y + 3) = (x – 6) 2
4. 
5.    Answer the following questions with respect to this graph.


a.
Is the graph a vertical reflection of y = x2 ?
Answer: NO
b.
What are the coordinates of the vertex?

Answer: (-3, 0) 

c.
What is the equation of the axis of symmetry?
Answer: X = -3
d.
What is the scale factor of the vertical stretch?
Answer: 3
e.
      What is the domain?



Answer: {x ( x ϵ R}

f.
      What is the range?




Answer: {y ( y ≥ 0, y ϵ R}

6. 
a) What is the maximum height reached by the football?

Answer: 8m
b) How long did it take the football to reach this height?

Answer: 4 sec
c) How long was the ball in the air?




Answer: 8 sec.
d) What is a meaningful domain and range for this problem?

                        Answer: Domain { x ( 0  
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8, x ϵ R}
Range {y( 0  
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 y 
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8, y ϵ R}

Absolute Functions  
	x
	y

	-2
	-6

	-1
	-5.5

	0
	-5

	1
	-4.5

	2
	-4

	3
	-4.5

	4
	-5

	5
	-5.5

	6
	-6



-2(y + 4) = (x – 2(
y = -½ (x – 2(– 4

y = -½ ((2) – 2(– 4

y = -½ (-4(– 4 

y = -½ (4) – 4

y = -2 – 4

y = -6  

1. Transformations

Mapping Rule


Equation

VR → YES


(x, y) → (x – 4, -2y + 2)
-2(y + 4) = (x – 2(
VS → 2

VT → 2

HT → -4

2. (y  – 7) = (x + 5(
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The graph is the graph of y = (x(after a horizontal translation of 5 units left, a vertical translation of 3 units down and a stretch of the y-value of 2.








V.R. → YES		


V.S. → 3			


V.T. → 4			 


H.T. → 3 


Mapping Rule:  (x,y) → (x – 3, -3y – 4)


EQUATION:  	� EMBED Equation.3  ���








V.R. → No		


V.S. → 2			


V.T. → -10			 


H.T. → -7 


Mapping Rule:  (x,y) → (x – 7, 2y –10)


EQUATION:  	½ (y + 10) = (x – 7)2   
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