3.4B – Factoring Quadratics

Curriculum Outcomes:

C8
identify, generalize, and apply patterns
C10
describe real-world relationships depicted by graphs, tables of values, and written descriptions
C13
determine and interpret the slope and y-intercept of a line from a table of values or a graph
C14
determine the equation of a line using the slope and y-intercept
C24
rearrange equations
C29
investigate and make and test conjectures concerning the steepness and direction of a line
C33
graph by constructing a table of values, by using graphing technology, and, when appropriate, by y-intercept slope method

Quadratic Expressions

A quadratic expression is one in which one variable will have an exponent of two and all other variables will have an exponent of one. The general form of a quadratic expression is ax2 + bx + c where ‘a’ and ‘b’ are the coefficients of x2 and x, respectively, and ‘c’ is a constant. The term ax2 is the one that is necessary to have a quadratic expression. These expressions are often the result of multiplying polynomials.

Examples: Multiply each of the following.

a) 3x(2x – 7) 
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3x(2x – 7) 
apply the distributive property

6x2 – 21x

b) [image: image3.emf]36




36

(3x – 4) (5x + 2)

3x(5x + 2) -4(5x +2)

15x2 + 6x - 20x – 8

15x2 – 14x – 8 

c) [image: image4.emf]2
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 (x + 4)2
(x + 4) (x + 4)

x(x + 4) + 4(x + 4)

x2 + 4x + 4x + 16

x2 + 8x + 16

d) [image: image5.emf]2


x




2

x

(5x + 3) (5x – 3) 

5x(5x – 3) +3(5x – 3)

25x2 – 15x + 15x – 9

25x2 – 9 

[image: image6.emf]25
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e) (3 + a) (3 – a)

3(3 – a) + a(3 – a)

9 – 3a + 3a – a2
9 – a2
Exercises: Expand and Simplify

1. (3x + 1) (4x – 5)




2. 5(4x + 5) (x + 4)

3.  (5x – 3)2




4. (3x – 1) (2x – 5)

5. (8x – 3) (8x + 3)

Factoring Quadratic Expressions

To factor a quadratic expression means to rewrite it using the terms that were multiplied to give the expression. There are steps that should be followed to successfully factor quadratic expressions.

Step 1: Examine the quadratic expression and factor out all common factors. 
Remember xa ÷ xb = xa-b.

Examples:

a) [image: image7.emf]4
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x2 – x = x (x - 1)

[image: image9.wmf]36


b) [image: image10.wmf]4

16

=
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x

6x2 – 30x = 6x (x - 5)
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c) [image: image13.wmf]25

12x2 – 20 = 4 (3x2 – 5)

d) 7x2 – 14x = 7x (x – 2)

Step 2: Once step one has been completed, check to see if the binomial is the difference of two perfect squares.

Examples:

a) x2 – 49

{x2 is a perfect square:         = x}

{49 is a perfect square:         = 7}

x2 – 49 = (x + 7) (x – 7)

b) 36 – x2
{x2 is a perfect square:         = x}

{36 is a perfect square:         = 6}


36 – x2 = (6 – x) (6 + x)

c) 4x2 – 100

4(x2 - 25) 

{x2 is a perfect square:         = x}

{25 is a perfect square:         = 5}

4(x2 - 25) = 4(x + 5)(x – 5)

d) x2 + 16

{16 is a perfect square:             }

However, x2 + 16 will not factor because the binomial is not the difference of 2 perfect squares. The sum of the two perfect squares does not factor.

Step 3: If the quadratic expression is a trinomial with no common factors, do a test to determine whether or not it factors and then complete one of the following processes.

Test: ax2 + bx + c 

a ( c

b
(3) ( (2) = 6

         x2 + 5x + 6

1 ( 6

5          (3) + (2) = 5





   6

The same factors must multiply to give a ( c and add to give b.

Test Examples:

a. x2 – 7x + 12

Test: (-3) ( (-4) = 12

         (-3) + (-4) = -7  → signs are determined here

b. 3x2 + 8x + 4

Test: (6) ( (2) = 12

         (6) + (2) = 8 

c. 2x2 – 10x + 15

Test: (  ) ( (  ) = 30

         (  ) + (  ) = -10  → Does not factor

All quadratic expressions that had successful tests can now be factored. 

Test example 1: x2 – 7x + 12 = (x – 3) (x – 4)

Test example 2: If the coefficient of x2 is not one then follow these steps.

3x2 + 8x + 4

(3x2      ) + (     + 4)
In the brackets write the first term and the last term.

(3x2 +6x) + (2x+ 4)
Rewrite 8x using the two test factors { (6) + (2) = 8 }

3x(x + 2) + 2(x + 2)
Factor out any common factors from each binomial. Notice that the 

last factors in each group are the same.

(3x + 2)(x + 2)

Write the common factors inside a bracket and follow this with the 

same last factor from each group.

This is sometimes referred to as factoring by decomposition.
Examples:
a) x2 – 5x – 36 

Test (-9) ( (4) = -36

        (-9) + (4) = -5

          (x – 9) (x + 4)

b) 4x2 -5x – 6 

Test (-8) ( (3) = -24

        (-8) + (3) = -5

    (4x2     ) + (      - 6) 

    (4x2 - 8x) + (3x - 6)

 4x(x – 2) + 3 (x – 2)

     (4x + 3) (x – 2)

c) 2x2 – 7x + 3 

Test (-6) ( (-1) = 6

        (-6) + (-1) = -7


(2x2     ) + (      +3)


(2x2 - 6x) + (-1x + 3) 

   2x(x – 3) + -1(x – 3)

   (2x – 1)(x – 3)

d) 10x2 + 7x – 12

Test (15) ( (-8) = -120

        (15) + (-8) = 7


(10x2        ) + (         -12)

      (10x2 + 15x) + (-8x – 12)

    5x (2x + 3) – 4 (2x + 3)

      (5x – 4) (2x + 3)

e) x2 – 6x + 9

Test (-3) ( (-3) = 9

        (-3) + (-3) = -6


(x – 3) (x – 3)


(x – 3)2
Exercises:

1. Factor the following quadratic expressions.

a. 12x2 + 6

b. 6x – 9x2
c. 2x2 – 8

d. x2 – 5x – 14

e. x2 – 11x + 24

f. 3x – 10 + x2
g. x2 + 7x + 44

h. 2x2 + x – 6

i. 12x2 + 4x – 5

j. 14x2 – 13x + 3

Answers: Quadratic Expressions

1.  (3x + 1) (4x – 5)


  2.  5(4x + 5) (x + 4)

3x(4x – 5) + 1(4x – 5)


       (20x + 25) (x + 4)

12x2 – 15x + 4x – 5


       20x(x + 4) + 25(x + 4)


12x2 – 11x – 5



      20x2 + 80x + 25x + 100






      20x2 + 105x + 100

3.  (5x – 3)2



4. (3x – 1) (2x – 5)

 (5x – 3) (5x – 3)


3x(2x – 5) – 1(2x – 5)

5x(5x – 3) – 3(5x – 3)


6x2 – 15x – 2x + 5

25x2 – 15x – 15x + 9


6x2 – 17x + 5

25x2 – 30x + 9

5.  (8x – 3) (8x + 3)

8x(8x + 3) – 3(8x + 3)

 64x2 + 24x – 24x – 9

64x2 – 9

Answers: Factoring Quadratic Expressions  

1. a. 12x2 + 6

b. 6x – 9x2

c. 2x2 – 8

6(2x2 + 1)

    3x(2 – 3x)

    2(x2 – 4)







    2(x – 2)(x + 2)

d. x2 – 5x – 14

Test: (-7) ( (2) = - 14 

         (-7) + (2) = -5 

          (x – 7) (x + 2)

e. x2 – 11x + 24

Test: (-8) ( (-3) = 24 

         (-8) + (-3) = -11 

(x – 8) (x – 3)

f. 3x – 10 + x2 

Test: (5) ( (-2) = -10 

x2 + 3x – 10                        (5) + (-2) = 3

(x + 5) (x – 2)

g. x2 + 7x + 44 

Test: (   ) ( (   ) = 44 

         (   ) + (   ) = 7


Does Not Factor

h. 2x2 + x – 6

Test: (4) ( (-3) = -12 

         (4) + (-3) = 1

    (2x2      ) + (       – 6)  

    (2x2 + 4x) + (-3x – 6)

  2x(x + 2) -3(x + 2)

     (2x – 3)(x + 2)

i. 12x2 + 4x – 5

Test: (10) ( (-6) = -60 

         (10) + (-6) = 4

    (12x2      ) + (       – 5)  

    (12x2 + 10x) + (-6x – 5)

  2x(6x + 5) -1(6x + 5)

     (2x – 1)(6x + 5)

j. 14x2 – 13x + 3 
Test: (-6) ( (-7) = 42 

         (-6) + (-7) = -13

     (14x2      ) + (       + 3)  

    (14x2 - 6x) + (-7x + 3)

  2x(7x + 3) -1(7x – 3)

     (2x – 1)(7x – 3)

apply the distributive property for each term in the first binomial with the second binomial. Combine like terms.





first expand the polynomial, then apply the distributive property for each term in the first binomial with the second binomial. Combine like terms.





called conjugate pairs





difference of 2 perfect squares








x is common in both of these terms 





both 6 and x are common in both of these terms 





4 is common in both of these terms 





both 7 and x are common in both of these terms 
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