3.3 – Slope of an Equation, Slope-y-intercept form of an 
equation, x- and y- intercepts,
Rearranging equations, Steepest slope
Curriculum Outcomes:

A6
apply properties of numbers when operating upon expressions and equations
B1
model (with concrete materials and pictorial representations) and express the relationships between arithmetic operations and operations on algebraic expressions and equations
C1
express problems in terms of equations and vice versa

C2
model real-world phenomena with linear, quadratic, exponential, and power equations, and linear inequalities
C5
sketch graphs from words, tables, and collected data
C8
identify, generalize, and apply patterns
C10
describe real-world relationships depicted by graphs, tables of values, and written descriptions

C13
determine the slope and y-intercept of a line from a table of values or a graph

C14
determine the equation of a line using the slope and y-intercept
C15
develop and apply strategies for solving problems
C16
interpret solutions to equations based on context
C18
investigate and find the solution to a problem by graphing two linear equations, with and without technology
C25
solve equations using graphs
C27
solve linear and simple radical and exponential equations and linear inequalities
C28
explore and describe the dynamics of change depicted in tables and graphs

C29
investigate and make and test conjectures concerning the steepness and direction of a line

Graphing Linear Equations using y = mx + b
One method to graph linear equations is to plot the y-intercept and apply the slope to that point.

Example 1:
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Slope (m) = 
[image: image2.wmf]3
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y-intercept (b) = -2

From the y-intercept of -2, apply the slope by going over 3 units and up 2 units.
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b)                         y = -3x + 1
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Slope (m) = 
[image: image3.wmf]1
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y-intercept (b) = +1

From the y-intercept of +1, apply the slope by going down 3 units and over 1 unit.
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To draw the graph of a linear equation, you can calculate the x and y intercepts. The graph is drawn by plotting and connecting these two points.

Example 2: Graph y = 3x + 6

Solution 2: Find x-intercept: Set y = 0

Find y-intercept: Set x = 0



y = 3x + 6




y = 3x + 6



0 = 3x + 6




y = 3(0) + 6


    0 – 3x = 3x – 3x + 6



y = 6


        -3x = 6




Therefore the y-intercept = (0, 6)
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           x = -2


Therefore the x-intercept = (-2, 0)

Using the two intercepts, the graph of the straight line can be drawn as follows:
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Note: When the equation is in the y = mx + b form, the y-intercept is the b value. For example, for y = 2x + 4 the b = 4.

Rearranging Equations (Solving Equations)

You can solve an equation by writing an equivalent equation that has the variable isolated on one side. You can isolate a variable by performing inverse operations that will undo each other (+ and - ; × and ÷).

Examples: Solve for x in each of the following equations.

1. 3x + 5 = 2x + 1

2. 4x – 3 = 6 + x

3. 5(x – 7) = 90

4. 
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Solutions:
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3x + 5 = 2x + 1
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     3x + 5 – 5  = 2x + 1 – 5

         3x – 2x  = 2x – 2x – 4
        x = -4

2. [image: image35.emf]1


2


75


.


1


95


.


2


-


-


=


m




1 2

75 .1 95 .2







m

4x – 3 = 6 + x

     4x – 3 + 3 = 6 + 3 + x

     4x = 9 + x
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3. 5(x – 7) = 90
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5x – 35 = 90

    5x – 35 + 35 = 90 + 35

        5x = 125 
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Linear Models

Linear relationships are often used to model real-life situations.  To do this, two data values related to the real-life situation must be present in the problem.  These two data values in context will give you the information necessary to create a graph and an equation to model the real-life situation.  The graph and the equation will be more meaningful if the axis is labelled according to the items in the problem and if variables representing these items are used in the equation.  When the data values have been represented graphically and the equation of the line has been determined, questions relating to the real-life situation can be presented and answered.

Example 1:  This problem should be presented in parts if it is the first one 



shown to students.

Your dad has given you his car to travel to a Rock Concert.  After 2 hours of driving, 30 litres of gas were in the gas tank and 9 litres remained after 5 hours of driving.  Assume the gas remaining and the time driving are a linear relation.
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Solution 1:
The gas remaining depends upon the time driving.  Therefore, time is the independent variable and will be represented on the x-axis.  The gas remaining is the dependent variable and will be represented on the y-axis.
1) Plot the points and label the axis.  If the data is continuous, join the points.

2) Determine the equation of the line.  (2, 30) (5, 9)
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y = mx + b

y = -7x + 44
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9 = -7(5) + b

g = -7t + 44





9 = -35 + b




    9 + 35 = b
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b = 44
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*Now questions may be presented to check the understanding of the problem.

a) What is the real-life meaning of the slope in this problem?

[image: image57.emf]82
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If the units for x (time) and y (gas remaining) are put in the 




result is 

The slope means that for each hour of driving 7 litres of




of gas are used.

(b) What is the time intercept and what does it mean in this situation?



It takes approximately 6.3 hours or 6 hours 18 minutes of



driving for the gas tank to be empty.


g = -7t + 44


0 = -7t + 44

     0 + 7t = -7t + 7t + 44
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t = 6.285 h


t = 6.3 h

c) What is the gas remaining intercept and what is its significance in this problem?


The gas remaining intercept is 44 and it represents the amount of gas that was in 
the gas tank when dad gave you his car.  (44 litres)

d) Write a suitable domain and range for this relation.


Domain 
{ t( 0 ≤ t ≤ 6.3, t ϵ R}


Range

{ g( 0 ≤ g ≤ 44, g ϵ R}

e) How long must you drive to reduce the amount of gas remaining to 2 litres?



It takes 6 hours of driving to reduce the amount of



gas to 2 litres.


g = -7t + 44


2 = -7t + 44

    2 – 44 = -7t + 44 - 44
    2 – 44 = -7t
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6 = t


t = 6 h

f) After driving for 3 hours, how much gas is lift in the tank?



After driving for 3 hours, there are 23 litres of gas left



in the tank.


g = -7t + 44


g = -7(3) + 44


g = 23 L

Example 2:  This is an entire problem as it would be presented to the students.

J.D.’s One Stop sells a one litre carton of lemonade for $1.75 and a two litre carton for $2.95.  Assume that there is a linear relationship between the volume of lemonade and the price.

a) What are the dependent and the independent variables?

b) What are the two data values for this relationship?

c) Draw a graph and label the axis appropriately.

d) Determine the equation to model this situation.

e) What is the slope and what is its significance?

f) Find the price intercept and explain what it represents in this problem.

g) What is the volume-intercept and what does it signify?

h) Write a suitable domain and range.

i) Calculate the cost of 7.5 litres of lemonade.

j) How many litres of lemonade could be purchased with 13.75?

Solution 2:  

a) The price you pay for lemonade depends upon how many litres you buy.


Dependent Variable (y) → Price ($)


Independent Variable (x) → Volume (L)

b) Data Values (1, 1.75)



 (2, 2.95)

c) Graph
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d) Equation: 
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y = mx + b


y = 1.20 x + 0.55
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1.75 = 1.20 (1) + b

P = 1.20 V + 0.55
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1.75 – 1.20 = b




           0.55 = b





    b = 0.55
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The price of one litre of lemonade is $1.20.

f) The price-intercept is 0.55.  It means that zero litres of lemonade is priced at $0.55.  

This price could represent the cost of production or the cost of packaging.

g) Volume – Intercept:
   P = 1.20V + 0.55

   0 = 1.20V + 0.55

0 – 1.20 V = 1.20 V – 1.20 V + 0.55
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V = - 0.46

This volume intercept has no meaning because litres of lemonade cannot be a negative value.

h) Domain:
{ V( V ≥ 0, V ϵ R}

     Range:
{ P( P  ≥ 0.55, P ϵ R}

i) P = 1.20 V + 0.55


P = $1.20 (7.5) + 0.55

P = $9.55

The price of 7.5L of lemonade is $9.55.

j)
P = 1.20 V + 0.55

   $13.75 = 1.20V + 0.55

    $13.75 – 0.55 = 1.20V + 0.55 – 0.55
      13.75 – 0.55 = 1.20V
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    13.20 = 1.20V

V = 11 L

With $13.75, 11 litres of lemonade can be purchased.

Exercises:

1. Players on the school soccer team are selling candles to raise money for an upcoming trip.  Each player has 24 candles to sell.  If a player sells 4 candles a profit of $30 is made.  If he sells 12 candles a profit of $70 is made. The profit and the number of candles sold form a linear relation.

a) State the dependent and the independent variables.

b) What are the two data values for this relation?

c) Draw a graph and label the axis.

d) Determine an equation to model this situation.

e) What is the slope and what does it mean in this problem?

f) Find the profit-intercept and explain what it represents.

g) Calculate the maximum profit that a player can make.

h) Write a suitable domain and range.

i) If a player makes a profit of $90, how many candles did he sell?

j) Is this data continuous or discrete?  Justify your answer.

2. Jacob leaves his summer cottage and drives home.  After driving for 5 hours, he is 112 km from home, and after 7 hours, he is 15 km from home.  Assume that the distance from home and the number of hours driving form a linear relationship.

a) State the dependent and the independent variables.

b) What are the two data values for this relationship?

c) Represent this linear relationship graphically.

d) Determine the equation to model this situation.

e) What is the slope and what does it represent?

f) Find the distance-intercept and its real-life meaning in this problem.

g) How long did it take Jacob to drive from his summer cottage to home?

h) Write a suitable domain and range.

i) How far was Jacob from home after driving 4 hours?

j) How long had Jacob been driving when he was 209 km from home?

Solving Systems of Linear Equations

A system of linear equations is two equations with two variables that refer to the same problem.  To solve a system of equations means to find any points that are common to each of the equations in the system.  Since the points are common, it means that y-values must be equal.  Therefore, the y-values can be set equal to each other and the resulting equation can be solved for x.  This x-value is substituted into either equation to determine the y-value.  These values (x,y) are the coordinates of the common point.  This point is common to both equations and is also the point where both equations are equal.

Two methods used to solve a system of linear equations are comparison and graphing.  The comparison method will generate the exact values.  The graphing method will often produce only an estimate of the values, but it will indicate when each equation is the better option.

Example:  

1. Solving by Comparison

a) y = 4x – 3

y = 2x + 9

Solution:
     4x – 3 = 2x + 9


y = 4x - 3

4x – 3 + 3 = 2x + 9 + 3

y = 4(6) - 3
            4x = 2x + 12


y = 24 - 3

   4x – 2x = 2x – 2x + 12

y = 21
           2x = 12
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Therefore the common point is (6, 21).

            x = 6

Example:  

b) 3x + 7y = 56

-5x + 2y = -4

Solution:

First: put each equation into y = mx + b form.


        3x + 7y = 56



-5x + 2y = -4


 3x - 3x + 7y = -3x + 56

   -5x + 5x + 2y = 5x - 4
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7y = -3x + 56



         2y = 5x -4

[image: image71.png]W1

5]





[image: image72.png]Flotl Flotz Flot3
al-Catoed |
wie=

wir=

wiy=

wie=

wE=

Yo




[image: image73.emf]1


2


1


2


x


x


y


y


m


-


-


=




1 2

1 2

x x

y y

m








[image: image74.emf]4


12


30


70


-


-


=


m




4 12

30 70



 

m

[image: image75.emf]8


40


=


m




8

40



m


[image: image76.emf]1


5


=


m




1

5



m


[image: image77.emf]5


=


m




5  m

[image: image78.emf])


(


1


)


(


5


1


5


candle


dollars


m


=




) ( 1

) ( 5

1

5

candle

dollars

m









             -6x + 112 = 35x – 28






  -6x + 112 – 112  = 35x – 28 – 112







6x = 35x – 140







  6x – 35x = 35x – 35x – 140







         -41x = -140
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2. Solve by Graphing

a)  y = 4x - 3





     y = 2x + 9
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b) 3x + 7y = 56

-5x + 2y = -4
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3x + 7y = 56
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3x – 3x + 7y = -3x + 56
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Now, these two methods will be applied to real-life situations.  The equations should model the problem and the graph.

Examples:

1. Susie and Julia were each asked to babysit on New Year’s Eve.  Susie charges $20.00 plus $2.50 per hour while Julia charges $15.00 plus $4.00 per hour.  If the parents leave home at 8:00pm and return home at 2:00am, who should they hire to babysit?

a) Write the system of equations that models both babysitting services.

b) Draw the graph and solve the system of equations by estimating from 

                             the graph.

c) Find the solution by comparison.

d) What does the solution represent in this problem?

e) If the parents were to look at the graph, could they determine when it is 

                            cheaper to use each service?

Solution:

a) y = 2.50x + 20

or
C = 2.50h + 20

y = 4x + 15


C = 4h + 15

     b) Estimated point from the graph 
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c) y = 2.50x + 20

y = 4x + 15

 2.50x + 20 = 4x + 15

                       2.50x + 20 - 20  = 4x + 15 - 20  

                     2.50x = 4x - 5

                         2.50x - 4x = 4x - 4x – 5

                                -1.50x =  - 5
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                           x = 3.3 (or x = 
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y = 28.33



The common point is (3.3, 28.33).

d) This solution means that for babysitting 3 1/3 hours (3 hours 20 minutes) each 

girl would earn $28.33.  This is the point where both services are equal.

e) A parent could tell from the graph that Julia’s service is cheaper than Susie’s service until 3 1/3 hours is reached.  After this Julia’s service becomes more expensive than Susie’s service. Susie should be hired by the parents because they will need a sitter for six hours and her service will be cheaper.

2. Marjorie wants to rent a small hall in which to host a wedding shower.  She received prices for two possible locations.  One place will charge $50.00 plus $20.00 for each hour.  The other place will charge $20.00 plus $25.00 for each hour.

a) Write a system of equations that describes both options.

b) Draw a graph and solve the system of equations by estimating the 

                            common point from the graph.

c) Find the solution by comparison.

d) What does the solution represent?

e) Can Marjorie tell by looking at the graph which hall would be cheaper 

                            to rent?

      a) y = 20x + 50

or
C = 20h + 50

          y = 25x + 20


C = 25h + 20

b) Estimate of the common point  (5.5, 165)
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c) y = 20x + 50

y = 25x + 20

     20x + 50= 25x + 20

   

20x + 50 - 50  = 25x + 20 - 50  

      
     20x = 25x - 30

          
            20 x - 25x = 25x - 25x – 30

                      

-5x =  - 30
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                                        x = 6 

y = 20x + 50

y = 20 (6) + 50

y = 120 + 50


y = 170


The common point is (6, 170).

d) The solution (6,170) means that each hall will cost $170.00 to rent for 6 hours.  If Marjorie does not need the hall for more than 6 hours then she should rent the hall that charges $20.00 plus $25.00 for each hour.

e) Marjorie can tell that hall 2 is cheaper up to 6 hours since the graph of its plan is below the graph of hall 1.

Exercises:

1. Stanley must drive from Sydney to Halifax to attend a meeting.  Since his car is old, he decides to rent a vehicle for the trip.  He calls two local rental companies to find out the charges involved.  Carl’s Cheap Cars charges a base fee of $80.00 plus $0.12 per kilometre while Ralph’s Reliable Rigs charges a base fee of $122.00 plus $0.06 per kilometre.

a) Write the system of equations that models the rental plans of both 

companies.

b) Draw the graph and solve the system of equations by estimating from 

the graph.

c) Find the solution by comparison.

d) What does the solution represent in this problem?

e) If Stanley were to look at the graph, could he make a decision about 

                            which company to use for renting a vehicle?

2. Young boys who play minor hockey have in opportunity to earn cash to pay their registration fees. Each boy is given 36 even split tickets to sell each week.  One club will give each boy $6 if he sells at least half of the tickets and $0.20 for each ticket he sells.  Another club will give each boy $8 if he sells at least half of the tickets and $0.10 for each ticket he sells.

a) Write the system of equations that models the offer of both clubs.

b) Draw the graph and solve the system of equations by estimating from 

                             the graph.

c) Find the solution by comparison.

d) What does the solution represent in this problem?

e) Which club would give you the opportunity to earn more money to pay 

                            the registration fees?

Using a Graphing Calculator to Graph Equations

Example 1: 
Graph the following two equations to find their point of intersection and determine the table of values for each.


                            y = 3x + 2          y = x + 8                   
Solution 1:
Follow these steps to graph, view and trace any equation on a graphing calculator.

Step 1: Press Y= and enter the equation 3x + 2 next to Y1. (The variable “x” is the 

key marked X,T,,n  in function mode.)

Step 2: Press Y= and enter the equation x + 8 next to Y2.
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Step 3: Ensure that all STAT PLOTS are off (none should be highlighted), prior 

to pressing GRAPH to display.

Step 4: Adjust WINDOW to view the entire graph and the intersection point by 

using ZOOM and Zoomfit (#0).
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Step 5: Press TRACE to display flashing cursor and move it using the arrows.
The values of “x” and “y” should be on the screen as well as the equation 
depending on which line the cursor is placed.
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Step 6: To find the point of intersection, press 2ndCALC and choose intersect 
(#5). The calculator will ask a series of questions (3) to which you will push 

ENTER as it tries to determine the point of intersection. (You can move the 

cursor at any point during this process, but the calculator will find and display the point of intersection.)    Answer: (3, 11)
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Step 7: Press 2ndTABLE to show a table of values for the equations. This can be scrolled to show any value of “y” in relation to “x”.
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Example 2:

Graph and find the intersection points and table of values for these equations.



           y = 4x + 3          y = x2 + 2

Solution 2: 

A quadratic equation is entered in the Y= in the same way as a linear equation. Note the values of “y” as you move into the negative and compare to the positive values. For best view change Ymax = 50 in the WINDOW.
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                                 Answer:  (4.24, 19.94)  (– .24, 2.06) 
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 Example 3:

Graph this exponential equation and check the table of values to determine the value of y if x = 5.




              y = 4x + 2
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If  x = 5, then y = 1026                             

Exercise:
1. Using a graphing calculator, graph the following pairs of equations and determine any points of intersection.
a. 
y = 9x – 4      y = 7x + 2

b.         y = 5x – 49    y = – 2x + 7



c.         y = x + 5        y =  3x2 – 2  



d.   
y = x – 9        y = 2x + 11     



e.         y = 3x + 2      y = 5x + 4

2. Using a graphing calculator find the value of y in each if  x = 22.



a. y = 8x – 24 



b. y = 9x – 132



c. y = 6x2 + 421 



d. y = 2x – 43



e. y = – 45x – 17      

Answers: Linear Models

1.a) The profit a player makes depends upon the number of candles he sells.


Independent Variables (x) → Candles (#)



Dependent Variable (y) → Profit ($)

b) Data Values: (4, 30)



  (12, 70)

c) Graph:
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y = mx + b

y = mx + b
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30 = 5(4) + b

P = 5C + 10





30 = 20 + b
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    30 – 20 = b





10 = b
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e) The profit made by selling one candle is $5.00.

f) The profit-intercept is $10.00.  This means that each player starts with a profit of $10.00 before selling any candles.  This could be an incentive bonus.

g) A player has 24 candles to sell.
P = 5C + 10






P = 5(24) + 10






P = 120 + 10






P = $130     The maximum profit is $130.00.

h)   Domain:
  { C( C  ≥ 0, C ϵ R}

      Range:
  { P( P  ≥ 10, P ϵ R}

i)  P = 5C + 10

90 = 5C + 10

        90  - 10 = 5C + 10 – 10 

80 = 5C
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16 = C

If a player made a profit of $90.00, he/she would have sold 16 candles.

j) This is discrete data.  Profit is based on the number of candles sold.  Since candles are single units, the value between each number is meaningless.  Therefore the points should not be joined.

2. a) The distance Jacob is from home depends upon the time he was driving.


Dependent Variable (y) →Distance (km)



Independent Variable (x) → Time (hours)

b) Data Values:  (5, 112)



   (7, 15)

c) Graph:
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y = mx + b


y = mx + 354
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          15 =        (7) + b

d =           t + 354
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e)




The slope means that Jacob gets 97 km closer to 

home for every two hours of driving or 48.5 km each hour of driving.

f) The distance intercept is 354.5.  This represents the distance between Jacob’s summer cottage and his home – 354.5 km.

g)          d = - 48.5t + 354.5

             0 = - 48.5(t) + 354.5

0 – 354.5 = -48.5(t) + 354.5 – 354.5



0 – 354.5 = - 48.5(t)

     354.5 = - 48.5(t)
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        t = 7.309

       t = 7.3 hours

It took Jacob approximately 7.3 hours or 7 hours 18 

minutes to drive from his summer cottage to home.

h)    Domain: { t( 0 ≤ t  ≤ 7.3, t ϵ R}

        Range:  { d( 0 ≤ d  ≤ 354.5, d ϵ R}

i) d = - 48.5t + 354.5




d = - 48.5(4) + 354.5



 d = - 194.0 + 354.5

 d = 160.5

 d = 160.5 km
Jacob was 160.5 km from home after driving for 4 hours.

j)
     d = - 48.5t + 354.5

             209 = - 48.5(t) + 354.5


209 – 354.5= - 48.5(t) + 354.5 – 354.5


            209 – 354.5 = - 48.5(t)

                -145.5 = - 48.5(t)
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    t = 3                                       When Jacob was 209 km from home, he had been 

    t = 3 hours
                           driving for 3 hours.


Answers: Solving Systems of Linear Equations 

1. a) y = 0.12x + 80

or

C = 0.12k + 80

    y = 0.06x + 122



C = 0.60k + 122

b) Estimate of the common point (700, 165)

[image: image126.png]



c) y = 0.12x + 80


y = 0.06x + 122


        0.12x + 80 = 0.06x + 122


0.12x + 80 – 80 = 0.06x + 122 – 80 


                0.12x = 0.06x + 42


   0.12x – 0.06x = 0.06x – 0.06x + 42
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               0.06x = 42

                   x = 700


y = 0.12x + 80


y = 0.12(700) + 80


y = 84 + 80


y = 164


Therefore the common point is (700, 164).

d) Both companies will charge $164.00 for Stanley to rent a vehicle and to drive 700 km.

e) If Stanley were to look at the graph he would see that Ralph’s Reliable Rigs plan is cheaper for him since he must drive more than 700 km.

2. a) y = 0.20x + 6

or

P = 0.20t + 6

    y = 0.10x + 8



P = 0.10t + 8

b) [image: image128.wmf]5
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c) y = 0.20x + 6

y = 0.10x + 8

0.20x + 6 = 0.10x + 8


0.20x + 6 – 6 = 0.10x + 8 – 6 


                0.20x = 0.10x + 2


   0.20x – 0.10x = 0.10x – 0.10x + 2
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               0.10x = 2

                   x = 20


y = 0.20x + 6


y = 0.20(20) + 6


y = 4 + 6


y = 10


Therefore the common point is (20, 10).

d) If boys from both clubs sell 20 tickets each week, they will earn $10 to pay 

their registration fees.

e) The club that gives each boy $8 plus $0.10 for each ticket sold provides the    

boys with a better opportunity to earn money to pay the registration fees.

Answers: Graphing Calculator 

1. 
a.  (3, 23)   




2.   
a. 152

b. (8,– 9)  





b. 9.8 x 1020    

c. (1.37, 3.63) (1.70, 6.70)



c. 3325

d.  no point of intersection



d. 4.19 x 106
e. (–.25, 2.76) (2.40, 16.02)            


e.  – 1007 
x-intercept: (1, 0)


(y will always equal 0 


at an x-intercept)





y-intercept: (0, 1)


(x will always equal 0 


at an y-intercept)





→ subtract 5 from both sides





→ subtract 2x from both sides





→ add 3 to both sides





→ subtract x from both sides





→ divide both sides by 3





→ expand the left side by distributing the 5 inside the brackets.





→ add 35 to both sides





→ divide both sides by 5





→ multiply to get the LCD (of 12)
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→ simplify to remove fraction
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→ divide both sides by 11
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