1.4 - Square Root and Radicals, Standard Deviation

Curriculum Outcomes:

A2
analyze graphs or charts of given situations to identify information
D9
determine whether differences in repeated measurements are significant or accidental
F2
demonstrate an understanding of concerns and issues that pertain to the collection of data (optional)
F3
construct various displays of data
F4
calculate various statistics, using appropriate technology, analyze and interpret displays, and describe relationships
F5
use statistical summaries, draw conclusions, and communicate results about distributions of data

F13
calculate and apply mean and standard deviation, using technology, to determine if a variation makes a difference

Square Root and Radicals

Consider the following squares with areas of 9cm2, 16cm2, 25 cm2.
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The length of the square’s side is called the square root for the area of the square.

Thus the square root of 9 is 3. The square root of 16 is 4 and the square root of 25 is 5.

If we consider a square with an area of 21 cm2, what would be the length of its side?

[image: image146.wmf]3

7

3

2

3

2

3

4

3

3

-

-

-


[image: image147.wmf]10

15

11

24

10

4

11

10

+

+

-

-


Since 21 is not a perfect square we can use the symbol 
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 to represent the side length. This has a value between 4 and 5 since 
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Consider:  
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    or in other words    16 = 42
Squaring and taking the square root are considered to be inverse operations since one “undoes” the other.
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In other words, “How long is the side of a square if the square has an area of 5?”

Since Area = (side)2, the length of the side would be
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 units.



[image: image7.wmf](

)

5

5

2

=


This would be like asking, “What is the area of a square if the length of its side is
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?”

A radical is an expression of the form 
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. The root number or index is the “n”. The radicand is the x and the symbol 
[image: image10.wmf]is the radical sign.

The index number indicates what root to find. The index is omitted when the operation is “square root”. When finding the square root you are looking for a value such that when the value is squared the result will be the radicand. Although the square root value can be positive or negative, you usually find the principal square root which is the positive value. 

An example of a square root operation is: 
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. “What number multiplied by itself will result in the value of 16?” or 

    “What number, when squared, will give the value of 16?” 

     These are the questions that you ask yourself when you are determining the   

     square root of a number.

Other radical operations, such as 
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 and 
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require you to change the question to “multiply by itself 3 times” or “when cubed”. Often, the radicand is not a perfect square or not a perfect cube. When this occurs, it is necessary to express the answer in simplest radical form. This means that the radicand does not contain a factor that is a perfect square. An example is 
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. However, if the radicand is factored, the result is 
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. The number 4 is a perfect square and its root (2) will be written as a coefficient of 
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is called a mixed radical.

Examples:

1. Simplify the following radical:
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Solution:
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2. Simplify the following radical:
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Solution:
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3. Simplify the following radical:
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Solution:
[image: image156.wmf]X


[image: image157.wmf]6

2


[image: image158.wmf]70

2


4. Simplify the following radical:
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5. Simplify the following radical:
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The above solutions show the results if the “perfect square” or the “perfect cube” appears as a factor in the radicand. If this does not occur at the onset, expressing the radicand as a product of its prime factors, will also produce the same results.
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Radical expressions can be added or subtracted if they are like radicals. Like radicals have the same index and the same radicand. The terms are combined by applying the rules for integers to the coefficients.

[image: image189.wmf](

)

(

)

2

4

2

2

Examples: Perform the indicated operations and express all answers in the simplest radical form.

1. [image: image190.wmf]4

8

[image: image191.wmf]6

10



                        2. 

[image: image192.wmf]96

6

-

[image: image193.wmf](

)

(

)

2

5

3

2


[image: image194.wmf](

)

(

)

8

3

12

2

-


3. [image: image195.wmf]10

11

11

14

+

[image: image196.wmf]10

15

10

4

11

24

11

10

+

-

+

-

[image: image197.wmf]10

5

3

11

8

3

10

2

2

11

5

2

´

+

´

+

´

-

-

´

                                                     4. 

[image: image198.wmf]10

3

3

5

11

3

3

8

10

2

2

2

11

2

2

5

´

´

+

´

´

+

´

´

-

´

´

-


[image: image199.wmf]10

9

5

11

9

8

10

4

2

11

4

5

´

+

´

+

´

-

´

-

[image: image200.wmf]90

5

99

8

40

2

44

5

+

+

-

-


[image: image201.wmf]3

7

2

18

+

[image: image202.wmf]3

6

3

9

3

10

2

18

+

-

+


[image: image203.wmf]3

3

2

3

9

3

2

5

2

3

3

2

´

+

-

´

+

´

´

[image: image204.wmf]2

19

-


[image: image205.wmf]2

3

3

3

2

3

3

3

3

2

5

2

2

2

3

3

´

´

´

´

+

´

-

´

+

´

´

´


[image: image206.wmf]2

9

6

3

3

3

3

2

5

2

4

3

3

´

´

+

´

-

´

+

´

´


[image: image207.wmf]2

30

2

9

2

2

-

+


[image: image208.wmf]2

9

6

3

3

3

3

5

5

3

2

3

3

2

4

3

´

´

+

´

´

-

´

´

+

´

´

´

5.

[image: image209.wmf]2

5

6

2

3

3

2

2

´

-

´

+


[image: image210.wmf]2

36

5

2

9

3

2

4

´

-

´

+

´


[image: image211.wmf]72

5

18

3

8

-

+


[image: image212.wmf]108

27

3

75

2

72

3

+

-

+


[image: image213.wmf]2

54

9

3

3

5

15

2

9

8

3

´

+

´

-

´

+

´


[image: image214.wmf]3

9

3

2

3

-


Radicals can be multiplied if they have the same index. The coefficients are multiplied and the radicands are multiplied. The answers must be expressed in simplest radical form.

[image: image215.wmf]3

3

5

2

7

2

3

+

+

-

[image: image216.wmf]3

6

2

4

+

-

Examples: Perform the following operations and express all answers in the simplest radical form.
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Exercises:
1. Express each of the following as mixed radicals.

a. 
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b. 
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c. 
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d. 
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2. Perform the indicated operation and express all answers in simplest radical form.
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3. Expand and simplify.

a. 
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Answers: 
Radicals

1. Express each of the following as mixed radicals.
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2. Perform the indicated operation and express all answers in simplest radical form.

a. 
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3. Expand and simplify.

a. 
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Standard Deviation

You have already examined three measures of central tendency: mean, mode and median. You have also observed the range of a set of data values. In addition to these observations, you will look at the variation of the data values within a set of data. A number that describes the variation within a set of data is called the standard deviation. This number represents the approximate average distance that all data is away from the mean of the data. The standard deviation will be small if the data is close to or clustered around the mean. A large spread outward from the mean will produce a large standard deviation.

Standard deviation is calculated by following several simple steps. The symbols you will use are:


X → data value
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      → mean of the data

σ (or 
[image: image110.wmf]x

S

) → standard deviation

Steps:

1. [image: image252.wmf]48

2

[image: image253.wmf]3

3

2

Calculate the mean (     ) of the data values.

2. [image: image254.wmf]3

3

8

´

Calculate the difference between the data mean and each data value (X –     ). Square each difference(X –      )2.

3. Calculate the mean of the squared differences.

4. Find the square root of the mean of the squared difference. This is the standard deviation (σ) of the data.

These steps can be simplified by using a table of values.

	Data
	Differences
	Squares

	X
	[image: image255.wmf]3

24

(X –    )
	[image: image256.wmf]2

5

(X –    )2

	
	
	


The difference between data mean and the data value is its deviation from the mean. 

Example 1: The coach of the high school basketball team asked the players to submit their heights. The following results were recorded.

	175 cm
	179 cm
	179 cm
	181 cm
	183 cm

	183 cm
	184 cm
	184 cm
	185 cm
	187 cm


Calculate the standard deviation of this set of data.

Solution 1:

	X
	(X –     )
	(X –     )2

	175
	-7
	49

	179
	-3
	9

	179
	-3
	9

	181
	-1
	1

	183
	1
	1

	183
	1
	1

	184
	2
	4

	184
	2
	4

	185
	3
	9

	187
	5
	25

	Sum = 1820
	
	112
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A group of grade 10 students at one high school were asked to record the number of hours they watched television per week, the results are recorded in the table shown below.

	 2.5
	 3
	 4.5
	 4.5
	 5
	 5 
	 5.5
	 6
	 6
	 7

	 8
	 9
	 9.5
	 10
	 10.5
	 11
	 13
	 16
	 26
	 28


A group of grade 10 students at another high school were asked to record the number of hours they watched television per week, the results are recorded in the table shown.

	8
	 8
	 9
	 9
	 9
	 9.5
	 9.5
	 9.5
	 9.5
	 9.5

	 9.5
	 9.5
	 9.5
	 9.5
	 9.5
	 10
	 10
	 10
	 11
	 11


To determine the average number of hours the students watch television per week we add the total number of hours and divide by the number of students.

For both sets of data the average (
[image: image113.wmf]X

) is calculated to be 9.5.
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In the first high school only one student watched 9.5 hours of television per week. In the second high school 10 students watched 9.5 hours of television per week.

 The average, or mean (     ), describes the center of the data but doesn’t tell us how the data is distributed.

To describe how much variation there is in the data sets we need to look at a measure of dispersion or variation. One of the most useful measures describing this variation is called standard deviation.

	Data
	Mean
	Data-Mean
	( Data-Mean ) 2

	 2.5
	9.5
	-7.0
	

	 3
	9.5
	-6.5
	

	 4.5
	9.5
	-5.0
	

	4.5
	9.5
	-5.0
	

	5
	9.5
	-4.5
	

	5
	9.5
	-4.5
	

	6
	9.5
	-3.5
	

	(
	
	
	

	10
	9.5
	0.5
	

	11
	9.5
	1.5
	

	11
	9.5
	1.5
	


To find the standard deviation you subtract the mean from each data score to determine how much the data varies from the mean. This will result in positive values when the data point is greater than the mean and in negative values when the data point is less than the mean.

If we continue now, what would happen is that when we sum the variations (Data – Mean column) it would be possible that both negative and positive variations would add together to yield a smaller overall variation than is originally the case. For example if the variations were 4, 2, 1,-3,-2,-2 then the sum would be 0 implying no variation. This would mean that all students surveyed watch the same number of hours of television per week.

In order to ensure that these variations will not lose their significance when added, the variation values are squared prior to adding them together.

	Data
	Mean
	Data-Mean
	( Data-Mean ) 2

	 2.5
	9.5
	-7.0
	49

	 3
	9.5
	-6.5
	42.25

	 4.5
	9.5
	-5.0
	25

	4.5
	9.5
	-5.0
	25

	5
	9.5
	-4.5
	20.25

	5
	9.5
	-4.5
	20.25

	6
	9.5
	-3.5
	12.25

	(
	
	
	

	10
	9.5
	0.5
	0.25

	11
	9.5
	1.5
	2.25

	11
	9.5
	1.5
	2.25


The sum is then divided by the number of data scores.

The square root of the result is necessary in order to compensate for the fact (undo) that the variations were squared in an earlier step ((Data – Mean)2).

The formula for standard deviation can be expressed as shown below:
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Looking back at the original data:

A group of grade 10 students at one high school were asked to record the number of hours they watched television per week. The results are recorded in the table shown below.

	 2.5
	 3
	 4.5
	 4.5
	 5
	 5 
	 5.5
	 6
	 6
	 7

	 8
	 9
	 9.5
	 10
	 10.5
	 11
	 13
	 16
	 26
	 28


A group of grade 10 students at another high school were asked to record the number of hours they watched television per week, the results are recorded in the table shown.

	8
	 8
	 9
	 9
	 9
	 9.5
	 9.5
	 9.5
	 9.5
	 9.5

	 9.5
	 9.5
	 9.5
	 9.5
	 9.5
	 10
	 10
	 10
	 11
	 11


Both of these data sets had a mean of 9.5. The first data set had a standard deviation of 6.9 (approx). The second set of data had a standard deviation of 0.7 (approx).
	Data (X)
	Mean(
[image: image116.wmf]X

)
	(Data – Mean)

(X - 
[image: image117.wmf]X

)
	(Data – Mean)2

(X - 
[image: image118.wmf]X

)2
	
	Data (X)
	Mean(
[image: image119.wmf]X

)
	(Data – Mean)

(X - 
[image: image120.wmf]X

)
	(Data – Mean)2

(X - 
[image: image121.wmf]X

)2

	2.5
	9.5
	-7
	49
	
	8
	9.5
	-1.5
	2.25

	3
	9.5
	-6.5
	42.25
	
	8
	9.5
	-1.5
	2.25

	4.5
	9.5
	-5
	25
	
	9
	9.5
	-0.5
	0.25

	4.5
	9.5
	-5
	25
	
	9
	9.5
	-0.5
	0.25

	5
	9.5
	-4.5
	20.25
	
	9
	9.5
	-0.5
	0.25

	5
	9.5
	-4.5
	20.25
	
	9.5
	9.5
	0
	0

	5.5
	9.5
	-4
	16
	
	9.5
	9.5
	0
	0

	6
	9.5
	-3.5
	12.25
	
	9.5
	9.5
	0
	0

	6
	9.5
	-3.5
	12.25
	
	9.5
	9.5
	0
	0

	7
	9.5
	-2.5
	6.25
	
	9.5
	9.5
	0
	0

	8
	9.5
	-1.5
	2.25
	
	9.5
	9.5
	0
	0

	9
	9.5
	-0.5
	0.25
	
	9.5
	9.5
	0
	0

	9.5
	9.5
	0
	0
	
	9.5
	9.5
	0
	0

	10
	9.5
	0.5
	0.25
	
	9.5
	9.5
	0
	0

	10.5
	9.5
	1
	1
	
	9.5
	9.5
	0
	0

	11
	9.5
	1.5
	2.25
	
	10
	9.5
	0.5
	0.25

	13
	9.5
	3.5
	12.25
	
	10
	9.5
	0.5
	0.25

	16
	9.5
	6.5
	42.25
	
	10
	9.5
	0.5
	0.25

	26
	9.5
	16.5
	272.25
	
	11
	9.5
	1.5
	2.25

	28
	9.5
	18.5
	342.25
	
	11
	9.5
	1.5
	2.25

	190
	
	
	903.5
	
	190
	
	
	10.5
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You can see that the first set of 20 data values had much more variation than the second set of 20 data values. The larger variation is described by a larger standard deviation.
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