Transformations and Sinusoidal Functions

A function is a relation in which each value of the independent variable (x) is paired with one and only one value of the dependent variable (y).

Many relationships display periodic behaviour. Periodic functions take on the same set of values over and over again as the independent variable changes. They are systems which return periodically to the same initial state, often a cyclical behavior. Periodic behaviour traits can be modeled to measure and evaluate.
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You should be able to distinguish between a sinusoidal or periodic equation by graphing it and determine whether it meets the criteria.

Sinusoidal functions produce graphs that look like waves, and any portion of the curve can be translated onto another portion of the curve. Circular motion and pendulum movement are excellent “real life” examples of sinusoidal relationships.

A sinusoidal function is a function that is like a sine function in the sense that the function can be produced by shifting, stretching or compressing the sine function.

You can graph sinusoidal functions using your knowledge of transformations.
[image: image1.wmf]
There are 5 transformations that can affect trig functions:

·  horizontal stretch (HS) alters the period

·  vertical stretch (VS) alters the amplitude

·  horizontal translation (HT) causes a phase shift relocating our initial point

·  vertical translation (VT) relocates the sinusoidal axis

·  reflection (± )changes the pattern of our 5 key points
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Some basic vocabulary should be observed as shown in the diagram:

Period: a complete cycle of the graph where the graph starts to repeat.

Sinusoidal axis: horizontal line halfway between the local maximum and minimum.

Amplitude: vertical distance from the sinusoidal axis to the maximum or minimum

Local maximum: the tops of each “wave”, all equal in value
Local minimum: the bottoms of each “wave”, all equal in value
Graphing a Sinusoidal Function

The procedure for graphing sinusoidal functions is similar to quadratic functions. It requires that you state the transformations, determine the mapping rule, transform the table of values, find the equation and graph the results.

The table of values for the functions y = sin x and y = cos x are transformed to model sinusoidal functions. When trying to determine the mapping rule for each new situation, compare the table of values of  y = sin x and y = cos x to the new function.

For example: State the mapping rule and find the table of values for the equation:
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Exercise:
State the mapping rule and find the table of values for each of the following equations: 

1.     – (y – 4) = cos
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2.     3y + 2 = cos (x – 90º)
3.    
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y  = sin (x – 180º)
4.     (y – 2) = sin
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1

 (x + 90º)
Solutions:                   
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1.   – (y – 4) = cos
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                                            (x, y) → 
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2.   3y + 2 = cos (x – 90º)
                               (x, y) → 
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3.   
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y  = sin (x – 180º)
                                         (x, y) → 
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4.      (y – 2) = sin
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1
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                        (x, y) → 
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For many practical examples it is necessary to be able to understand the criteria for finding the function and determine the equation. 

The relations involving sine or cosine can be expressed in the form:
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· Determine the position of the sinusoidal axis.       

                    Sinusoidal axis = 
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                This is the Vertical Translation or “D” in the formula.

· Determine the amplitude of the function.           

                 Amplitude = max – sinusoidal axis

    This is the Vertical Stretch or “A” in the formula.
· Determine the period of the graph for the function.  
                  Horizontal Stretch = 
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     This is the Horizontal Stretch or “B” in the formula.

· Determine the phase shift. 
                  Phase Shift =    x - coordinate of maximum

                This is the Horizontal Translation or “C” in the formula.

Radian Measure
In any circle there are 360 degrees, written as 3600. This defines a basic angle, the "degree", for measuring any other angle against: one degree is that small angle of which there are 360 in a circle. So when we say "an angle of 900", we mean an angle which is 90 times as big as our basic angle, the degree.
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An alternative angle to use as a basic unit to measure other angles against is a radian. An angle of one radian lies between two radii that cut between them, an arc on the circle that is equal in length to the radius. A radian measure is a method of angle measurement that uses radians. This basic angle is about 57 times as big as a degree, as shown.

Since a radian is so much bigger than a degree, there are fewer radians in a circle. Also, there is not a whole number of radians in a circle. In fact, there are only about 6.28. But the number of radians in a circle is 2 and this is fundamental to any circle; that's because the circumference, C, of any circle of radius r is given by 2r. 

For any circle, no matter how big or small, the circumference is always 2 times as long as the radius. This fact gives us the reason for using radians: if there are 2 radius's in a circumference, and there are 2 radians in a circle, then the length of circumference covered by going through an angle of one radian must be one radius.

So if we use radians, instead of thinking that going round a circle is going through 360 degrees, so that the angle in half a circle is 180 degrees and that in a quarter-circle (i.e. a right angle) is therefore 90 degrees, we just start with the angle in a full circle being 2, so the angle in a semi-circle is  and a right-angle is /2. 

We can turn any angle that we know in degrees into an angle in radians by dividing by 360 and multiplying by 2. 
Finding the Amplitude, Period and Sinusoidal Axis

The amplitude, period and sinusoidal axis must be found to model periodic relationships using the trigonometric functions sine and cosine. Both degree and radian angle measurements are used.
Example:

Determine the amplitude, period and the equation of the sinusoidal axis for this function.
State the mapping rule.



                              2y – 1 = sin (x + 45º) 
Solution:
amplitude = 0.5                   period = 360 or  
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(rad)                  sinusoidal axis y = 1        

(x, y) → 
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Exercise:
Determine the amplitude, period and the equation of the sinusoidal axis for each function. State the mapping rule.

1.    y – 2 = sin 3x 

2.   y + 4 = 2sin (x +  90º) 

3.  -2y = sin 0.25x

4.  3y = sin (x – 10º)
Solutions:

1.  amplitude = 1             period = 120 º  or 
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(rad)                     sinusoidal axis y = 2        

     (x, y) → 
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2.  amplitude = 1            period = 180 º  or 
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 (rad)                      sinusoidal axis y = – 4      

     (x, y) → 
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3.  amplitude = 2            period = 1440 º   or 4
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(rad)                  sinusoidal axis y = 0 
     (x, y) → 
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4.  amplitude = 
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            period = 360 º   or 
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(rad)                      sinusoidal axis y = 0       

     (x, y) → 
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Real Life Problems
Periodic phenomena happen in repeated and expected cycles. Many real life relations can be modeled using transformations of the periodic functions. Many more examples will be explored in future math courses and/or grade 12 physics. Circular motion and pendulum movement are excellent “real life” examples of sinusoidal relationships. The following questions are some practical applications of the sinusoidal function.

Example:

As you ride a Ferris wheel (12 seats), your distance from the ground varies (sinusoidally) with time. Your seat is at some unknown height above the ground at the start. It takes you 42 seconds to reach the top, 30 m above the ground. The wheel makes one revolution every 72 seconds. The radius of the wheel is 14 m. 

a) How high is the boarding platform? Indicate which car you are in (diagram/sketch). 

b) Draw a graph to model your height above the ground at key points.

c) Find the sinusoidal equation that models your ride on the Ferris wheel. 

Solution:
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b) 

c)  The sinusoidal axis is 16m.                   The radius is 14m. (amplitude)
       D = Vertical Translation = 16                A = Vertical Stretch = 14
    Using the cosine function for phase shift   It takes the wheel 42 seconds to reach the   

    top. 

                     C = Horizontal Translation = 42

    Using the sine function for phase shift   It takes the wheel 36 seconds to reach the   

    top. 

                     C = Horizontal Translation = 36
    The period is 60 seconds (1 revolution).

                     B = Horizontal Stretch = 
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So the equation is 
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Exercise:     
1. You are on an 8-seat Ferris wheel at an unknown height when the ride starts. It takes you 22.5 seconds to reach the top of the wheel 26m above the ground. The loading platform is 2m high. The wheel makes a complete revolution in 60 seconds. 

a) Create a diagram/sketch to show your location on the ride and the key features of the wheel. 

b) Find the sinusoidal equation that models your ride on the Ferris wheel. 

c) How high above the ground will your seat be after 90 seconds?

d) Draw a graph (by hand or using technology) to model your height above the ground at key points.

2. A weight attached to the end of a long spring is bouncing up and down. As it bounces, its distance from the floor varies sinusoidally with time. You start a stopwatch. When the stopwatch reads 0.3 seconds, the weight first reaches a high point 60 cm above the floor. The next low point, 40 cm above the floor, occurs at 1.8 seconds.
a) Sketch a graph of this sinusoidal function.

b) Write an equation expressing distance from the floor in terms of the number of seconds the stopwatch reads.

c) Predict the distance from the floor when the watch reads 17.2 seconds.

d) What was the distance from the floor when you started the watch?

e) Predict the positive value of time at which the weight was 59 cm above the floor for the first time. 
3. You are at Risser’s Beach, N.S. to search for interesting shells. At 2:00 p.m. on June 19, the tide is in (i.e., the water is at its deepest). At that time you find that the depth of the water at the end of the breakwater is 15 meters. At 8:00 p.m. the same day when the tide is out, you find that the depth of the water is 11 meters. Assume that the depth of the water varies sinusoidally with time.
a. Derive an equation expressing depth in terms of the number of hours that have 

    elapsed since 12:00 noon on June 19.

b. Use your mathematical model to predict the depth of the water at 

     (i) 4:00 p.m. on June 19, 

    (ii) 7:00 a.m. on June 20, 

    (iii) 5:00 p.m. on June 20.

c. At what time will the first low tide occur on June 20?

d. What is the earliest time on June 20 that the water will be at 12.7 meters 

    deep?

4. The “angle of elevation” of an object above you is the angle between a horizontal line and the line of sight between you and the object. After the sun rises, its angle of elevation increases rapidly at first, then more slowly, reaching a maximum near noontime. Then the angle decreases until sunset. The next day the phenomenon repeats itself. 
Assume that when the Sun is up, its angle of elevation E varies sinusoidally with the time of day. 
Let t be the number of hours that has elapsed since midnight last night. Assume that the amplitude of this sinusoid is 60°, and the maximum angle of elevation occurs at 12:45 p.m. 
Assume that at this time of year the sinusoidal axis is at E = -5°.
The period is, of course, 24 hours.

a. Sketch a graph of this function.

b. What is the real-world significance of the t-intercepts?

c. What is the real-world significance of the portion of the sinusoid which is below 

    the t-axis?

d. Predict the angle of elevation at 
i. 9:27 a.m., 
ii. 2:30 p.m.

e. Predict the time of the sunrise.

Answers:
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1. a)

   b) The sinusoidal axis is 14m.                   The radius is 12m. (amplitude)
       D = Vertical Translation = 14                A = Vertical Stretch = 12

    Using the cosine function for phase shift   It takes the wheel 22.5 seconds to reach the   

    top. 

                     C = Horizontal Translation = 22.5
    Using the sine function for phase shift   It takes the wheel 7.5 seconds to reach the   

    top. 

                     C = Horizontal Translation = 7.5

    The period is 60 seconds (1 revolution).

                     B = Horizontal Stretch = 
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So the equation is 
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  c)     y = 12
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          y = 12
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          y = 22.48

       Your seat will be 22.48m off the ground after 90 seconds.
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d)
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   b) 
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    c)   
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           y =  43.31 cm from the floor
    d) 
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         y = 58.09 cm at the start
    e) 
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         t = 0.09 seconds

3.    a) 
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      b)    i.  
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       y = 14 m

ii.
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    y = 11.27 m

iii.  
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        y = 13 m

       c)  
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              t = 8 am (20 hours later)
       d)   
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              t =    5.17 am  (17.29 hours later)
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4.    a) 

     b) sunrise and sunset

     c) night (angle of elevation is on the other side of Earth)

     d)                i.  E = 
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        9:27 am = 9.45

              E = 
[image: image62.wmf]5

)

75

.

12

45

.

9

(

12

cos

60

-

÷

ø

ö

ç

è

æ

-

p



     E = 33.97º

         ii.    E = 
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      2.30 pm = 2.5

                E = 
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       E = -58.81º

e) E = 
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      0º = 
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        7:04 am (t = 7.069) sunrise
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